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Abstract 

We review the recently established relationships between black hole entropy in string theory and the 
quantum entanglement of qubits and qutrits in quantum information theory. The first example is provided 
by the measure of the tripartite entanglement of three qubits (Alice, Bob and Charlie), known as the 3- 
tangle, and the entropy of the 8-charge STU black hole of = 2 supergravity, both of which are given 
by the [S'L(2)]^ invariant hyperdeterminant, a quantity first introduced by Cayley in 1845. Moreover the 
classification of tliree-qubit entanglements is related to the classification of J\f = 2 supersymmetric STU 
black holes. There are further relationships between the attractor mechanism and local distillation protocols 
and between supersymmetry and the suppression of bit flip errors. At the microscopic level, the black holes 
are described by intersec;ting _D3-branes whose wrapping around the six compact dimensions provides 
the string-theoretic interpretation of the charges and we associate the three-qubit basis vectors, \ABC) 
{A, B,C = or 1), with the corresponding 8 wrapping cycles. The black hole/qubit correspondence extends 
to the 56 charge A/" = 8 black holes and the tripartite entanglement of seven qubits where the measure is 
provided by Cartan's £7 D [SL{2)y invariant. The qubits are naturally described by the seven vertices 
ABCDEFG of the Fano plane, which provides the multiplication table of the seven imaginary octonions, 
reflecting the fact that Ei has a natural structure of an O-graded algebra. This in turn provides a novel 
imaginary octonionic interpretation of the 56 = 7 x 8 charges of AA = 8: the 24 = 3 x 8 NS-NS charges 
correspond to the three imaginary quaternions and the 32 = 4 x 8 R-R to the four complementary imaginary 
octonions. We contrast this approach with that based on Jordan algebras and the Freudenthal triple system. 
Af = 8 black holes (or black strings) in five dimensions are also related to the bipartite entanglement of three 
qutrits (3-state systems) , where the analogous measure is Cartan's Eq d [SL{3)]^ invariant. Similar analogies 
exist for m,agic A/" = 2 supergravity black holes in both four and five dimensions. Despite the ubiquity 
of octonions, our analogy between black holes and quantum information theory is based on conventional 
quantum mechanics but for completeness we also provide a more exotic one based on octonionic quantum 
mechanics. Finally, we note some intriguing, but still mysterious, assignments of entanglements to cosets, 
such as the 4-way entanglement of eight qubits to Es/[SL{2)]^ . 
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1. INTRODUCTION 



1.1. Overview 

It sometimes happens that two very different areas of theoretical physics share the same mathematics. 
This may eventually lead to the realisation that they are, in fact, dual descriptions of the same physical 
phenomena, or it may not. Either way, it frequently leads to new insights in both areas. In this Review, 
the two areas in question are black hole entropy in string theory and qubit entanglement in quantum infor- 
mation theory. Quantum entanglement lies at the heart of quantum information theory, with applications 
to quantum computing, teleportation, cryptography and communication. In the apparently separate world 
of quantum gravity, the Bekenstein-Hawking entropy [TJ H] of black holes has also occupied centre stage. 
Despite their apparent differences, recent work [SIlElElBIHlllIinilllJIIlIIlIIlIISIISlinihas demon- 
strated a correspondence between the two. Although we still do not know whether there are any physical 
reasons underlying these mathematical coincidences, there is now a growing dictionary, which translates a 
variety of phenomena in one language to those in the other. For example: 

Qubits and D = A black holes 



1. The measure of tripartite entanglement of three qubits (Alice, Bob and Charlie), known as the 
(unnormalised) 3-tangle tabc [H], and the entropy S of the 8-charge STU black hole of super- 
gravity Uni d] are related by [3] 

S^l^^IE^ (1.1) 
where tabc is given by the hyperdeterminant [21,, a quantity first introduced by Cayley in 1845 



2. The classification of three-qubit entanglements is related to the classification oi M — 2 super- 



symmetric STU black holes |4] shown in Table 1 and explained in more detail in section 7.3 



Class 


Sa 


Sb 


Sc 


Det a 


Black hole 


SUSY 


A-B-C 














small 


1/2 


A-BC 





> 


> 





small 


1/2 


B-CA 


> 





> 





small 


1/2 


C-AB 


> 


> 








small 


1/2 


W 


> 


> 


> 





small 


1/2 


GHZ 


> 


> 


> 


< 


large 


1/2 


GHZ 


> 


> 


> 


> 


large 






Table 1: The values of the local entropies 5a, Sg, and Sc and the hyperdeterminant Det a (defined in [section 4.3.31 and 
[section 4.3.2[ | are used to partition three-qubit states into entanglement classes. The entropy /entanglement correspondence 
relates these to D = 4,A/' = 2, STU model black holes (see [section Q\ . Specifically, the to absence/presence of a horizon 
(small/large) and the extent of supersymmetry. 



3. The attractor mechanism on the black hole side is related to optimal local distillation protocols 
on the QI side. Moreover, supersymmetric and non-supersymmetric black holes correspond to the 
suppression or non-suppression of bit flip errors [9] . 

4. There is also a quantum information theoretic interpretation of the 56 charge J\f — 8 black hole in 
terms of a Hilbert space consisting of seven copies of the three-qubit Hilbert space [SI . It relies 
on the decomposition i?7(7) D [SL{2)Y and admits the interpretation, via the Fano plane [25], 
of a tripartite entanglement of seven qubit^ with the entanglement measure given by Cartan's 
quartic i?7(7) invariant. 



-"^As explained in [section 8.8| our terminology tripartite entanglement of seven qubits differs from that used in some of the 
QI literature. 
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Class 


Sa 


Sb 


Sc 


Dot a 


Black hole 


SUSY 


A-B-C 














small 


1/2 


A-BC 





> 


> 





small 


1/4 


B-CA 


> 





> 





small 


1/4 


C-AB 


> 


> 








small 


1/4 


W 


> 


> 


> 





small 


1/8 


GHZ 


> 


> 


> 


<0 


large 


1/8 


GHZ 


> 


> 


> 


> 


large 






Table 2: As in |TablG~T] entanglement measures are used to classify states, but this time concerning the tripartite entanglement 
of seven qubit states. The correspondence relates these to the D = 4,A/' = 8 black holes discussed in |section 8.1[ 



5. The classification of tripartite entanglements of seven qubits is related to the classification of 



(A/" — D ~ A) supersymmetric black holes [11 shown in Table 2 and explained in more detail 
in [section 8.71 

Since the Fano plane provides the multiplication table of the octonions, this means that the 
octonions (often written off as a lost cause in physics [5S] ) may actually be testable in the 
laboratory. 

There are similar correspondences with the black holes of the J\f ^ 2 magic supergravities in 
D = 4 26\. 

Turning to the microscopic interpretation of black hole entropy in Type IIB string theory, one can 
consider configurations of intersecting D3-branes, whose wrapping around the six compact dimen- 
sions provides the microscopic string-theoretic interpretation of the charges. The three-qubit 
basis vectors \ABC), {A,B,C ~ or 1) are associated with the corresponding 8 wrapping cycles, 



where |0) corresponds to xo and |1) to ox in Table 35 Performing a T-duality transformation 



one obtains a Type IIA interpretation with A'o DO-branes, Ni, N2, N3 D4-branes plus effective 
D2-brane charges, where |0) now corresponds to xx and |1) to 00. 
9. In particular, one can relate a well-known fact of quantum information theory, that the most 
general real three-qubit state can be parameterised by four real numbers and an angle, to a well- 
known fact of string theory, that the most general STU black hole can be described by four 
D3-branes intersecting at an angle. 

Qutrits and D = 5 black holes 

1. The measure of the bipartite entanglement of two qutrits [35], known as the 2-tangle tab, is also 
related to the entropy of the 9-charge black hole of I? = 5 supergravity. 



S = 2TT^\detaAB\, (1.2) 

where 

TAB = 27\detaAB\^. (1.3) 

This corresponds to the TV = 8 black hole with just 9 of the 27 charges switched on. 
There is also a quantum information theoretic interpretation of the full 27 charge Af = 8, D = 5 
black hole in terms of a Hilbert space consisting of three copies of the two-qutrit Hilbert space 
It relies on the decomposition -E6(6) ^ ['^'-^(S)]'^ and admits the interpretation of a bipartite 
entanglement of three qutrit^ with the entanglement measure given by Cartan's cubic -^6(6) 
invariant. 



^As explained in [section 12. 6[ our terminology bipartite entanglement of three qutrits differs from that used in some of the 
QI literature. 



3. The classification of the bipartite entanglements of three qutrits is related to the classification of 
Af — 8, D — 5 supersymmetric black holes shown in Table 3 and explained in more detail in 
Isection 12.51 



Class 


C2 


Tab 


Black hole 


SUSY 


A-B 








small 


1/2 


Rank 2 Bell 


> 





small 


1/4 


Rank 3 Bell 


> 


> 


large 


1/8 



Table 3: The D = 5 analogue of |Table~T] and [Tabic 3| relates two-qutrit entanglements and their corresponding D = 5,Af = 8 
black holes. 

4. There are similar correspondences with the black holes of the J\f — 2 magic supergravities in 
D = 5 |26]. 

5. Turning to the microscopic interpretation of black hole entropy in M- theory, one can consider 
configurations of intersecting M2-branes, whose wrapping around the six compact dimensions 
provides the microscopic M-theoretic interpretation of the charges. The two-qutrit basis vectors 
\AB), {A,B = or 1 or 2) are associated with the corresponding 9 wrapping cycles, where |0) 



corresponds to xoo, |1) to oxo and |2) to cox as in Table 36 
6. In particular, one can relate a well-known fact of quantum information theory, that the most 
general real two-qutrit state can be parameterised by three real numbers, to a well-known fact of 
M- theory, that the 9-charge black hole can be described by three intersecting M2-branes. 

M-theory and octonions 

This is a two-way process and the qubit interpretation can also teach us new things about M-theory: 

1. The role played by the theory of hyperdeterminants |27j in constructing U-duality invariants. 

2. The remarkable fact that Ej has a natural structure of an ©-graded algebra [ISlUnjj compatible 
with its action on the minimal 56-dimensional representation, provides a new octonionic view of 
M-theory compactified on T^, and hence a new quaternionic view of string theory compactified 



on T^. Explicitly, as discussed in section 8.6 



zj^xi sl{Ai)eo ® ©i<,<7 [0,^, Ai] e„ 

where 

ie {!,... ,7} (1.5) 

are the seven points of the Fano plane, 

I e {124, 235, 346, 457, 561, 672, 713} (1.6) 

are the seven lines, and we have attached to each line a two-dimensional vector space Ai. cq is the 
real octonion and are the imaginary ones. The same formulae hold good if we go to the dual 
Fano plane by swapping the roles of points and lines. There is a quaternionic analogue of this 
construction where we consider just three of the seven lines. This describes the A/" = 4 subsector. 
Strings can carry two kinds of charge: NS-NS coming from right and left moving bosonic modes 
and R-R coming from right and left moving fermionic modes (NS — Neveu-Schwarz and R — 
Ramond). When the U-duality group i?7(7) is decomposed under the SL{2) S-duality and 5*0(6, 6) 
T-duality 

£^7(7) D SL{2) X 50(6,6), 
56 (2,12) + (1,32), ^ 

the first term describes the J\f = 4 subsector with 24 NS-NS charges and the second term describes 



the 32 R-R charges. In terms of the above seven lines of the Fano plane of Figure 12 (which describe 
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the seven imaginary octonions), the NS-NS charges correspond to the three hnes 124,561,713 
(which describe the three imaginary quaternions) and the R-R to the four hnes 235,346,457,672 
(which describe the four complementary imaginary octonions) . 

Noting that 24 = 8 x 3, we show in [section 11. 2| that these NS-NS charges may be interpreted as 
the 8 charges of the STU model defined over the 3 imaginary quaternions. Accordingly, the A/" = 4 
Cartan invariant with SL(2) x S'0(6, 6) symmetry, may be written as Cayley's hyperdeterminant 
defined over the imaginary quaternions, provided we adopt a suitable operator ordering 
Noting that 56 = 8 x 7, it is tempting to employ a similar construction replacing imaginary 
quaternions by imaginary octonions to describe the full 56 charges, including the 32 R-R. Here, 
however, the relationship is more subtle. Since the Af = 8 Cartan invariant is just the singlet in 



56 X 56 X 56 X 56, it follows from ( 1.4 1 that it may indeed be expressed as a quartic combination of 



octonions. However, as explained in section 11 it is not simply given by Cayley over the octonions, 
at least if Cayley is defined in the usual way. Nevertheless, the two are closely relatecQ 
We emphasise that this way of incorporating the octonions, inspired by the Fano plane qubit 
interpretation, is completely different from the role of octonions in the description of Af — 8 su- 



pergravity using Jordan algebras and Freudenthal triple systems |30l U I31j , described in section 9 
For example, in the former we are dealing with the 7 imaginary octonions, while in the latter we 
are dealing with the 8 split octonions. There are other important differences. These are described 
in [section 10. 3| where we provide a dictionary to go from one language to the other. 

1.2. Summary of Report 

The purpose of this Report is twofold. First we summarise the progress made so far in this interplay 
between black hole entropy and quantum information theory and secondly we describe some new so-far 
unpublished developments. Both black holes and entanglement are subjects that can be quite technical, but 
our aim is to make our exposition understandable to both communities. 

We begin in [section "2] with some background material on supergravity, string theory and M-theory, 
focussing on the issue of U-duality and black hole entropy required in subsequent sections. In particular we 
identify the U-duahty group of the STU model as [SL{2)]'^. 

[Section "3| serves a similar purpose for quantum information theory, introducing some elementary concepts 
such as entanglement and SLOCC (Stochastic Local Operations and Classical Communication) . In particular 
we identify the group of invertible SLOCC transformations for three qubits as [SL{2)]'^, which in fact first 
suggested the link to black holes. We continue in [section 4| with more on qubits, focussing especially on 
three qubits and the all-important Cayley's hyperdeterminant which provides the measure of tripartite 
entanglement known as the 3-tangle. The hyperdeterminant will also determine the D — 4: black hole 



entropy. Section 5 performs the analogous role for the two qutrit system and the corresponding 2-tangle 
that will be related to the D = 5 black hole entropy. 

The black holes of the = 4,7V = 2 STU model are introduced in [section 6[ and in [section 7[ we make 
the connection with quantum information theory, showing that the black hole entropy as a function of the 8 
charges is also given by Cayley's hyperdeterminant. One may then go further and match the classification 
of A/" = 2 black holes to the classification of three-qubit entanglements. The higher-order corrections to the 
black hole entropy formula also admit a QI interpretation. This section also provides yet more entries in 
the dictionary by relating the attractor mechanism on the black hole side to SLOCC on the QI side and 
by relating supersymmetric and non-supersymmetric solutions to suppression or non-suppression of bit flip 
errors. 

The generalisation from J\f — 2 to M — 8 black holes is the subject of [section 8[ Here we encounter 
Cartan's quartic invariant which provides the entropy of the 56-charge black hole and is invariant under 



^AU this suggests that D = 10 string theory compactified on is dual to D = 6 string theory compactified on defined 
over the imaginary quaternions, at least for the NS-NS sector. We hope to return to this elsewhere. 

*More speculatively, all this might suggest a similarity between D = 11 M-theory compactified on T"^ and D = 6 string 
theory compactified on defined over the imaginary octonions. 
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the -©7(7) U-duality. The QI interpretation is that of the tripartite entanglement of seven qubits (Ahce, 
Bob, Charhe, Daisy, Emma, Fred and George). The entanglement is encoded in the Fano plane which also 
provides the multiplication table of the seven imaginary octonions. The seven vertices of the Fano plane 
ABCDEFG describe the seven qubits, while the seven lines abcdefg, each passing through three vertices, 
describe the intricate tripartite entanglement. 

While the Fano plane basis is tailored to describe the seven qubits, the JV — 8 black hole is most elegantly 
discussed within the framework of Jordan algebras and the Freudenthal triple system (FTS), which is the 
subject of |section 9[ In fact FTS provides a unified description of both the A/" = 8 black holes and the magic 
Af = 2 black holes of [section 13[ The magic supergravities correspond to Jordan algebras over the reals R, 
complex C, quaternions H and octonions O and the J\f — 8 supergravity to the split octonions O*. The 
Af = 2 STU model also fits within this scheme with the Jordan algebra being trivial. 

In section 10 we provide the three descriptions of the group E-j and its quartic invariant that we will find 
useful and the dictionaries that link them: Cartan-Fano, Fano- Freudenthal, and Freudenthal-Cartan. 



Section 11 shows how the A/" = 4 SL{2) x S'0(6,6) invariant may, with a suitable choice of operator 



ordering, be expressed as Cayley's quartic hyperdeterminant over the imaginary quaternions. The Af ~ 8 
invariant is more subtle. Although it can be expressed as a quartic product of imaginary octonions, it not 
the same as Cayley's hyperdeterminant over the imaginary octonions. 

In section 12] we turn our attention to five-dimensional black holes, which also exhibit non-trivial entropy. 
In particular, we find a relation between Af = 8 black holes and the bipartite entanglement of three qutrits, 
with Cartan's cubic Eq invariant playing the dual roles of black hole entropy and qutrit entanglement 
measure. 

Magic supergravities in both four and five dimensions can also be incorporated into the black hole/qubit 
and black hole/qutrit correspondence in a way similar to the STU model and the N = 8 models, as 
described in [section 13| However, involving as they do the Jordan algebras over R, C,IE[, O, they also offer 
an alternative interpretation in terms of unconventional quantum mechanics defined over R, C, H, O. Indeed, 
it was just such variations of standard quantum mechanics which led Jordan to propose his algebras in the 
first place. We compare this new interpretation with the standard one, listing the pros and cons. The main 
objection, in our view, is that while it seems to work well in five dimensions, we have been unable to get it 
to work in four. 

One might ask why black holes should display any kind of two-valuedness at all. We answer this question 
in [section 14| by turning to the microscopic interpretation of black hole entropy in Type IIB string theory. One 
can associate configurations of intersecting D3-branes, whose wrapping around the six compact dimensions 

provides the microscopic string-theoretic interpretation of the charges. The three-qubit basis vectors 
\ABC), (A, _B, C = or 1) are associated with the corresponding 8 wrapping cycles, where |0) corresponds to 



xo and |1) to ox as in Table 35 Performing a T-duality transformation, one obtains a Type IIA interpretation 



with A"o DO-branes, A^i, A'2, A'3 D4-branes plus effective D2-brane charges, where |0) now corresponds to 
XX and |1) to 00. To wrap or not to wrap; that is the qubit. Similarly, in M-theory, one can associate 
configurations of intersecting M2-branes, whose wrapping around the six compact dimensions provides 
the microscopic M-theoretic interpretation of the charges. The two-qutrit basis vectors \AB), {A,B — or 
1 or 2) are associated with the corresponding 9 wrapping cycles, where |0) corresponds to xoo, |1) to 0x0 



and 1 2) to oox as in Table 36 



Finally, in section 15 we list some unsolved problems and directions for future research. 
[Appendix A gives a historical overview of Cayley's original 1845 treatment of the hyperdeterminant. 



In 



Appendix B we look at superalgebras [32] for M-theory in £> = 11, Type IIA theory on Z? = 10 and 



Type IIB theory in = 10 in order to see how the central charges give rise to the black hole charges in 
D ~ A after compactification on either or . 

The SLOCC group for an n-qudit state is given by G = [SL{d, C)]", but subspaces of the (i"-dimensional 
Hilbert space may display hidden symmetries not contained in G. As we shall see, these include an i?7(C) 
symmetry of a 56-dimensional subspace of seven qutrits and Eq{G) symmetry of a 27-dimensional subspace of 
three 7-dits. In [Appendix C| we explore some more possibilities, involving in particular the observation that 
a 224-dimensional subspace of eight qutrits, describing the 4-way entanglement of 8 q ubits, may be assigned 
to the coset-space E^/\SL{2yf' . We have confined these coset constructions to the Appendix because we 
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have as yet no good application of them within quantum information theory. 

In Appendix D we discuss the PSL{2,Wi), the discrete subgroup of which is the symmetry of the 
Fano plane, and its 56-dimensional representation. 



2. BLACK HOLES 

2.1. Supergravity, string theory and M-theory 

One of the central dilemmas of XXI century physics is that the two main pillars of XX century physics, 
quantum mechanics and Einstein's general theory of relativity, seem to be mutually incompatible. General 
relativity fails to comply with the quantum rules that govern the behaviour of elementary particles, while 
black holes are challenging the very foundations of quantum mechanics. Something big has to give. 

Until recently, the best hope for a theory that would unite gravity with quantum mechanics and describe 
all physical phenomena was based on strings: one-dimensional objects whose modes of vibration represent 
the elementary particles. In 1995, however, strings were subsumed by M-theory. In the words of Edward 
Witten |33l 134] . M stands for magic, mystery or membrane, according to taste. New evidence in favour of 
this theory continues to appear. 

M-theory, like string theory, relies crucially on the idea of supersymmetry [35 . Supersymmetry requires 
that for each known boson there is a fermion of equal mass. However, no such superpartners have yet been 
found. The symmetry, if it exists at all, must be broken, so that the postulated particles do not have the 
same mass as known ones but instead are too heavy to be seen in current accelerators. The Large Hadron 
Collider at CERN Geneva, will be looking for just these particles. Theorists persist with supersymmetry 
because it provides a framework within which the weak, electromagnetic and strong forces may be united 
with gravity. 

Conventional gravity does not place any limits on the possible dimensions of spacetime: its equations 
can, in principle, be formulated in any dimension. Not so with supergravity |36l 1371 [55] , which places an 
upper limit of 11 on the dimensions of space-time (10 of space and one of time). In 1978 Cremmer, Julia 
and Scherk [39 realised that supergravity not only permits up to seven extra dimensions but is most elegant 
when written in 1 1-dimensional form. The kind of real, four-dimensional world the theory ultimately predicts 
depends on how the extra dimensions are curled up, in the way suggested by Kaluza and Klein in the 1920s 
in their unified theory of gravity and electromagnetism. Seven curled dimensions could conceivably allow 
the appearance of the strong and weak nuclear forces, in addition to electromagnetism. For these reasons, 
many physicists began to look to supergravity in 11 dimensions for the unified theory. 

In 1984, however, 1 1-dimensional supergravity was knocked off its pedestal by 10-dimensional superstring 
theory. There were five consistent anomaly-free theories: the Es x Es heterotic, the S'0(32) heterotic, the 
S'0(32) Type I, and the Type IIA and Type IIB strings. The Type I is an open string consisting of just a 
segment; the others are closed strings that form loops. The Eg x Eg seemed, at least in principle, capable of 
explaining the elementary particles and forces, including their handedness. Furthermore, strings seemed to 
provide a theory of gravity consistent with quantum effects without the ultraviolet divergences that plagued 
general relativity. 

After the initial euphoria over strings, however, doubts began to creep in. First, important questions, 
especially how to confront the theory with experiment, seemed incapable of being answered by perturbative 
methods. Second, why were there five different string theories? If one is looking for a unique Theory of 
Everything, this seems like an embarrassment of riches. Third, if supersymmetry permits 11 dimensions, 
why do superstrings stop at 10? Finally, if we are going to conceive of pointlike particles as strings, why 
not as membranes or more generally as p-dimensional objects, inevitably dubbed p-branes? 

Supersymmetry severely restricts the possible dimensions of a p-brane. A spacetime of 11 dimensions 
permits a supermembrane and a super 5-brane, called the M2-brane and M5-brane respectively. In 1987 
it was shown [AO] that if one of the 11 dimensions is a circle, one can wrap the membrane around it once, 
pasting the edges together to form a tube. If the radius becomes sufficiently small, the roUed-up membrane 
ends up looking like a string in 10 dimensions; it yields precisely the Type IIA superstring. 
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In a landmark talk at the University of Southern California in 1995, Witten [U] drew together all this 
work on strings, branes and 11 dimensions under the umbrella of M-theory in 11 dimensions, which has 
1 1-dimensional supergravity as its low-energy limit. In particular, he pointed out that the strength of the 
string coupling constant gs grows with the radius of the 11th dimension: M-theory is intrinsically non- 
perturbative! Since then, thousands of papers have appeared confirming that whatever M-theory may be, 
it certainly involves branes in an important way. 

In 1995 Polchinski realised that certain p-branes, appearing in Type IIA and Type IIB and carrying 
R-R charge, admit the dual interpretation as Dirichlet branes or D-branes; surfaces on which open strings 
can end. Such breakthroughs have led to a new interpretation of black holes as intersecting black-branes 
wrapped around the six curled dimensions of string theory or seven of M-theory. As a result, there are 
strong hints that M-theory may even clear up the paradoxes of black holes raised by Hawking, who in 
1974 showed that black holes are not entirely black but may radiate energy. In that case, black holes must 
possess entropy, which measures the disorder by counting for the number of quantum states available. Yet 
the microscopic origin of these states stayed a mystery. The D-brane technology has enabled Strominger 
and Vafa ^43] to count the number of quantum states in black-branes. They find an entropy that agrees 
with Hawking's prediction, placing another feather in the cap of M-theory. Thus, branes are no longer the 
ugly ducklings of string theory. They have taken centre stage as the microscopic constituents of M-theory, 
as the higher-dimensional progenitors of black holes and as entire universes in their own right. 

Despite all these successes, theorists are glimpsing only small corners of M-theory; the big picture is still 
lacking. In trying to discover what M-theory really is, the understanding black holes will be an essential 
prerequisite. 

2.2. U-duality 

String theory may be described as a worldsheet sigma-model with the background spacetime as its target 
space [44, 45J. Different backgrounds generally correspond to different quantum string theories. But it might 
happen that some of the backgrounds produce physically equivalent theories. In such a case the different 
backgrounds are mapped into each other by discrete transformations coming from the symmetry groups 
of string dualities. These dualities which transform one theory into the other are classified into T, S and 
U-dualities where the latter one is a combination of the other two. In order to explain these transformations 
we start by a brief overview on T and S-dualities. 

The simplest example of T-duality is provided by superstring theory compactified on a circle. The 
worldsheet theory with a circle of radius R is dual to that on a circle of radius a' /R where a' is the tension 
of the string. This can be generalised to toroidal compactification of string theories where the compact space 
is a k-dimensional torus T*^. In this case the dimensionally reduced theory is invariant under the discrete 
symmetry group SO{k, k, Z) where its discreteness is due to the quantisation of the charges. This is true 
not only in the low energy effective theory but also in the full interacting theory. In fact, T-duality is true 
perturbatively order by order in the string coupling constant gg. The fields of the dimensionally reduced 
theory transform as representations of this T-duality symmetry group. The space of scalar fields, or moduli 
space, of the theory is given by the coset space 

SO{k,k,R) 

SO{k,R) X SOik,R) ^ ' ' 

factored by the T-duality group SO{k, k, See [35] for a review of T-duality. From the open string or D- 
brane point of view, T-duality transforms Dirichlet boundary conditions into Neumann boundary conditions 
and vice versa [42] . 

The other important string theory duality is the S-duality [IT] HHl HSl 1101 HIl [S3] which generahses 
the electric/magnetic duality of supersymmetric Yang-Mills theories [Si]. In contrast to T-duality, S-duality 
acts non-perturbatively and is, strictly speaking, still a conjecture, although the evidence in its favour is now 
overwhelming. It relates the theory at strong coupling to the same theory at weak coupling. One example 
of this duality is provided by Type IIB string theory [55j. The S-duality group transformation is similar 
to electric-magnetic duality in super Yang-Mills theory, in which the coupling gyM mapped into l/gyM- 
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In order to explain this duality more explicitly we consider the massless spectrum of the Type IIB theory. 
This spectrum contains two scalar fields and C which belong to NS-NS and R-R sectors, respectively. The 
former one is called dilaton and the latter one axion. One can write the low energy effective action of the 
Type IIB theory in terms of a complex scalar (r) defined by 

T^C + ie--^. (2.2) 

It can be shown that the equations of motion are invariant under the symmetry group SL(2, R) under which 
r transforms as 

r-^^, (2.3) 
CT + d 

where a, b, c and d specify the SL(2,R) transformation and satisfy the condition ad — be = 1. Therefore 
there exists a transformation which maps t into — 1/t. In the case of zero axion (C = 0) it maps weak 
coupling into strong coupling, where e*^ = gs is the string coupling constant. The other massless fields which 
transform as a doublet under this symmetry group are the fundamental string which carries the charge of 
NS-NS 2-form B2 and the D-string which has the charge of the R-R 2-form C2. Noting that the F- and 
D-string bound states can be formed and their charges quantised, the correct symmetry group is the integer 
subgroup SL{2, Z). This is called the S-duality symmetry group of Type IIB. 

Another context in which S-duality arises is in the compactification of string theory from ten to four 
dimensions where an SL{2, Z) emerges as an electric-magnetic duality that transforms field equations into 
Bianchi identities. It may be shown to be a consequence of six-dimensional string/string duality |56j which 
in turn is a consequence of membrane/fivebare duality of eleven-dimensional M-theory |57j . For M ~ 2 
compactifications, the combined S- and T -dualities are then given by 

SL{2,Z) X S0{l,2,Z), (2.4) 

where the resulting low-energy limit is {D — 4:,J\f = 2) supergravity coupled to ^ + 1 vector multiplets [58] . 
We shall encounter the I — 2 case again in [section O] For J\f — 4 compactifications, the combined S- and 
T-dualities are given by 

SL{2,Z) X S0{6,m,Z), (2.5) 

where the resulting low-energy limit is (D = 4,A/' = 4) supergravity coupled to m vector multiplets |59j . 
We shall encounter the to = 6 case again in [section O] 

A interesting phenomenon happens when one considers the strong coupling limit of Type IIA theory. In 
that case DO-branes are the lightest objects in the spectrum since their mass is tq — l/gsu'^^^- Therefore 
the state of any number n of DO-branes becomes light at strong coupling and reaches a continuum. Such 
a continuum limit acts as an extra dimension where the theory becomes noncompact. Therefore one can 
conclude that the strong coupling limit of Type IIA theory is the 1 1-dimensional theory M-theory [41]. The 
low energy effective action of M-theory is 1 1-dimensional supergravity and the non-perturbative objects in 
this theory are M2-branes and their magnetic duals, the M5-branes. 

The S and T-duality groups can be unified in a larger group called U-duality [5S|. See also [SUI for 
similar conjectures. U-duality which is a non-perturbative symmetry group mixes the sigma model and 
string coupling constants, a' and gs respectively. For M-theory on BJ^ x or string theory on R'' x T''^^, 
where c? + fc = 11, the reduced theories are invariant under a global symmetry group called the U-duality 
group. The reduced d-dimensional low energy effective action, which is the d-dimensional supergravity 
theory, is invariant under a continuous symmetry group and the discrete subgroup of it, the U-duality 
group, is the symmetry of the full theory. 

A classification of symmetry groups of the supergravities with 32 supercharges in different dimensions 



has been given in Table 4 [61 . A general prescription is given for 3 < A; < 8 where the global symmetry 
group can be identified as the exceptional group E^f.^ which is the maximally noncompact form of Ei; 
[S2] . The maximal discrete subgroups of the groups G are in fact the U-duality groups of the compactified 
theories in different dimensions. Regarding the 10-dimensional Type IIA and IIB theories, SL{2, Z) is the 
S-duality group of Type IIB while 50(1, 1,Z) is the symmetry group of Type IIA. Specifically for d = 3, 
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4 and 5 dimensions the exceptional groups E^k^CIi) contain the subgroup SL{2, 1i) x SO{k — l,k ~ 1, Z). 
This can be identified as S-duahty group SL{2, 1i) and T-duahty group SO{k — 1, fc — 1, Z) coming from the 
compactification of string theory on T^~^. 



Using the maximal compact subgroup H ofG in Table 4 one can form the coset space G/H which defines 
the homogeneous space to which the moduli belong. The number of the scalar fields of the compactified 
theory is equal to the dimension of the coset space, dimG — dimH. 

Of special interest is the compactification to four dimensions where the U-duality group is 



7(7), 



(2.6) 



the non-compact form of Ej with 63 compact and 70 non-compact generators. The resulting low-energy 
limit is {D ^ 4,J\f — 8) supergravity with 28 abelian vector fields. The 28 electric and 28 magnetic black 
hole charges transform as an irreducible 56 of -£7(7) as shown in Table 5 which we have taken from 



We shall encounter these again in section 8.1 



For compactification to five dimensions, on the other hand, the analogue of (2.4 1 is 

50(1, 1,Z) X 50(^-1, 1,Z), 



(2.7) 



for which the resulting low-energy limit is {D = 5,J\f = 2) supergravity coupled to I vector multiplets. The 
analogue of (2.5 1 is 

50(1, 1, Z) X ^©(to- 1,5, Z), (2.8) 
for which the resulting low-energy limit is (D ~ 5,J\f ~ A) supergravity coupled to m — 1 vector multiplets. 



The analogue of (2.6 1 is 

£^6(6), (2.9) 

the non-compact form of Eq with 36 compact and 42 non-compact generators. The resulting low-energy 
limit is {D = 5,Af = 8) supergravity which has 27 abelian vector fields. This gives rise to 27 electric black 



hole charges and 27 magnetic black string charges as shown in Table 5 



We shall encounter all three analogues again in section 12.1 Note that upon dimensional reduction 
from _D = 5 to D = 4 we recover the corresponding three four-dimensional cases which each have one more 
abelian vector (the Kaluza-Klein photon) . The importance of these U-duality symmetries for this Report 



D 


scalars 


vectors 


G 


H 


lOA 


1 


1 


50(1,1,K.) 




lOB 


2 





5L(2,1R) 


SO{2,R) 


9 


3 


3 


SL{2,R) X 50(1,1,R) 


50(2,K,) 


8 


7 


6 


5L(2,R) X 5L(3,1II) 


50(2,1R,) X 50(3, K.) 


7 


14 


10 


SL{5,R) 


50(5,11) 


6 


25 


16 


50(5,5,R) 


50(5,1R,) X 50(5, R) 


5 


42 


27 


^6(6) (K.) 


USP{8) 


4 


70 


28 


^7(7) 0^) 


SUiS) 


3 


128 






50(16, R) 



Table 4: The symmetry groups (G) of the low energy supergravity theories with 32 supercharges in different dimensions {D) 
and their maximal compact subgroups {H). 

is that the black hole entropies must be U-duality invariants [65l |66l EH [68] , and it is these invariants that 
will also play the role of the new entanglement measures on the QI side. A discussion of more conventional 
entanglement measures may be found in[69,j01[7Tl[71[71[Hl[75J|7SJ|73|7Hl|7i[Sni[H^ 

2.3. Black hole entropy 

As we have seen, the low energy limit of string theory gives rise to gravity coupled to matter fields which 
include vectors and scalars. Therefore these theories typically admit black hole solutions. 
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Indeed, string theory, D-branes and M-theory have provided a useful theoretical framework in which to 
study the classical and quantum properties of black holes. Since the work of Bekenstein and Hawking in the 
1970s we know that black holes behave like thermodynamic systems characterised by their entropy and other 
thermodynamic quantities. Black hole physics provides a nice relationship between geometrical properties 
of space-time and thermodynamic properties of a statistical system. This relation has been explicitly shown 
by a set of laws, called the laws of black hole mechanics, in analogy with the laws of thermodynamics [55] . 



See [Table 6 The zeroth law states that the surface gravity ks of a stationary black hole is constant over 



Law 


Thermodynamics 


Black Holes 




If two thermodynamic systems 


The horizon has constant surface 


Zeroth 


are each in thermal equilibrium 


gravity for a stationary black 




with a third, then they are in 


hole. 




thermal equilibrium with each 






other. 




First 


dU = TdS - pdV + iidN 


dM = ^dA + ndJ = ^dQ 


Second 


dS>0 


dA>Q 


Third 


It is impossible to reach absolute 


It is impossible to form a black 


zero temperature in a physical 


hole with vanishing surface grav- 




process. 


ity. 



Table 6: The Laws of black hole mechanics and classical thermodynamics. 



the event horizon. Surface gravity is a quantity which measures the strength of the gravitational field on the 
event horizon. Compared to the first law of thermodynamics one can conclude that the surface gravity acts 
like the temperature. In fact if one analyses black holes in quantum field theory in a curved background, 
where gravity is considered classically and matter fields are treated quantum mechanically, one can see that 
they emit radiation, called Hawking radiation. In comparison with the black body spectrum one finds that 
the temperature of the radiation is 

Th = 1^ . (2.10) 

For a stationary black hole, the first law of black hole mechanics relates the variation of the energy to the 
other conserved quantities of the black hole such as angular momentum J and charge Q. It states that 

5M ^1^5A + ^i5Q + n6J , (2.11) 

where /x is the electric potential, is the angular velocity of rotation and A is the area of the event horizon. 
This is an interesting statement because it relates the quantities measured at infinity such as mass, charge 
and angular momentum to the quantities measured on the event horizon like surface gravity and the area 



of the horizon. Having the temperature given by (2.10 1 and comparing the relation (2.11 1 with the first law 



of thermodynamics suggests taking the area as the entropy of the black hole: 

where G4 is the four dimensional Newton constant. This is called the Bekenstein-Hawking entropy. Note 
that this formula is reliable only in classical gravity and changes as one considers higher order terms in the 
action. The analogy of the area and the entropy is confirmed by the second law of black hole mechanics 
which states the total area of all event horizons is non-decreasing. This is a statement about non-stationary 
processes in space-time such as black hole collisions. 

The laws of black hole mechanics raise two important questions. The first concerns the statistical inter- 
pretation of Bekenstein-Hawking entropy as the logarithm of the number of quantum states associated with 
the black hole. Although we do not have a complete answer to this question yet, string theory has provided 
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an answer to a special class of black holes, extremal black holes. Since they have zero Hawking temperature 
they do not radiate and are stable. Some of these black holes are stable by virtue of preserving some super- 
symmetry and one has control over the dynamics of microscopic configurations. In the string theory context 
these microscopic configurations which represent the black hole, involve D-branes, fundamental (F-) strings 
and other solitonic objects [5111571115]. In the next subsection we give an overview on extremal black holes. 

The second question concerns the information loss problem: the thermal nature of the radiation from 
the evaporating black hole appears to involve a loss of information, in contradiction to standard quantum 
mechanics. String theory provides some clues to this problem but it is still an open question which we will 
not discuss here. Reviews on black holes in string theory can be found in [551 15T1 IT^ . 

2.4- Extremal black holes 

Let us consider a static, spherically symmetric four-dimensional black hole whose line element can be 
written 

ds^ ^ -e2"('-)dt2 + e2'=('-)dr2 + r^dd^ + sin^0d^^). (2.13) 

The most general static black hole solution of Einstein-Maxwell theory is given by Reissner-Nordstrom 
solution which has the metric of the above form where 

e2''M=e-2'=M = l-^ + ^, (2.14) 

with Q and AI the charge and the mass of the black hole. The mass of an asymptotically flat space-time is 
determined by the non-relativistic motion of a test particle in the asymptotically flat region. Such a particle 
sees a Newtonian gravitational potential V = where M is related to ^ deviation of the metric from 
flat space-time given by gu = —(1 — — -I- • • • ). Like the mass, the charge of the black hole is measured at 
asymptotic region by 

Q-lljF, (2.15) 

where is a spacelike sphere at infinity and -kF is the field strength dual. (The black hole can also carry 
magnetic charge 

and we just need to replace with + in all the formulae). The electric field strength at infinity is 

Frt^% (2.17) 

Besides the mass and the charge which are measured at infinity there are two other quantities, surface 
gravity and the area, measured on the event horizon that are given by 

^^S= ^^f ' ~ , A^AT,{M+^AP-Q-^f. (2.18) 

2M{M + v/M2 - 02) _ g2 ' 



The solution (2.13) has two horizons determined by grr = which gives 

r± = M ± y^NP - g2. (2.19) 

Using the above formulae one can see that the condition to have the singularity hidden behind the horizon 
for the charged black holes is to have M > \Q\. These black holes have smooth geometries at the horizon 
and free-falling observers would not feel anything as they fall through the horizon. 

For the case where we have M < \Q\, the event horizon vanishes and the solution has a naked singularity 
which is considered to be unphysical according to the cosmic censorship hypothesis. 
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An interesting case is where one considers M — \Q\. For these kinds of black hole, which are called 
extremal black holes, the two horizons, r_|_ and r_, coincide and the radius of the horizon gets fixed in terms 
of the charge of the black hole, rg = \Q\. Similarly the area of the horizon gets simplified and reduces 



to A = AttQ^, as can be seen from (2.181. Therefore the entropy which is proportional to the area is 
completely determined in terms of the charges of the extremal black hole. This is an important observation 
for extremal black holes resulting from the attractor mechanism. We will elaborate more on this phenomenon 
in section 7.5 It is related to the fact that, for static solutions in four dimensions, the near horizon geometry 
of the extremal black holes reduces to AdS2 x S'^ where AdS is anti-de Sitter space. 

Another noteworthy observation is that the surface gravity for extremal black holes is zero, using the 



relation (2.18). Therefore the temperature which is for the static solutions in four dimensions given by 



Th = ^ (2.20) 

is also zero. Since the Hawking radiation is proportional to the temperature, one can conclude that the 
extremal black holes are stable. 

The supergravity theories we shall consider in this Report have more than the one photon of Einstein- 
Maxwell theory. The (I? = 4,7V = 2) STU model has 4; the (Z? = 4,7V = 8) model has 28, so the black 
holes will carry 8 or 56 electric and magnetic charges, respectively. Similarly, the (D = 5,7V = 8) black hole 
and black string have 27 electric and 27 magnetic charges, respectively. They also involve scalar fields [S^. 
Consequently the extremal black holes obey generalised mass = charge conditions described in subsequent 
sections. A black hole that preserves some unbroken supersymmetry (admitting one or more Killing spinors) 
is said to be BPS (after Bogomol'nyi-Prasad-Sommerfield) and non-BPS otherwise. All BPS black holes are 
extremal but extremal black holes can be BPS or non-BPS. 
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3. QUANTUM INFORMATION THEORY 



3.1. Qubits and quantum information theory 

In completely separate developments, exciting things were happening in the world of quantum informa- 
tion theory. Quantum entanglement is a phenomenon in which the quantum states of two or more objects 
must be described with reference to each other, even though the individual objects may be spatially sepa- 
rated jini EU |92l ESI mi EH ES]. This leads to correlations between observable physical properties of the 
systems that are classically forbidden. For example, as described in [section 4.2.3[ it is possible to prepare 
two particles in a single quantum state such that when one is observed to be spin-up, the other one will 
always be observed to be spin-down and vice versa, this despite the fact that it is impossible to predict, 
according to quantum mechanics, which set of measurements will be observed. As a result, measurements 
performed on one system seem to be instantaneously influencing other systems entangled with it. Note, 
however, that quantum entanglement does not enable the transmission of classical information faster than 
the speed of light. 

Quantum entanglement has applications in the emerging technologies of quantum computing and quan- 
tum cryptography, and has been used to realise quantum teleportation experimentally. At the same time, it 
prompts interesting discussions concerning the interpretation of quantum theory. The correlations predicted 
by quantum mechanics, and observed in experiment, reject the principle of local realism, which is that infor- 
mation about the state of a system should only be mediated by interactions in its immediate surroundings 
and that the state of a system exists and is well-defined before any measurement. 

3.2. LOCC and SLOCC 

The concept of entanglement is the single most important feature distinguishing classical information 
theory from quantum information theory. It has become clear to the quantum information community that, 
in order to exploit quantum states for communication, computation and other such purposes, it is necessary 
to develop a theory that naturally describes how entanglement works and how to harness its uses. The 
principle of Local Operations and Classical Communication, or LOCC for short, has become the paradigm 
by which we may achieve this goal. Heuristically, entanglement can be understood as correlations between 
two or more quantum systems which cannot be of a classical origin. Thus, in order properly to understand 
entanglement we must distinguish correlations of a classical nature from those of a quantum nature. The 
LOCC paradigm is used to precisely characterise all possible classical correlations. Any classical correlation 
may be experimentally established using LOCC. Conversely, all correlations not achievable via LOCC are 
attributed to genuine quantum correlations. That is, LOCC cannot create entanglement [82 . What is more, 
it has been shown, using the LOCC paradigm, that all non-separable states can perform some task which is 
not possible with any separable state. This underlies the interchangeability of the terms entanglement and 
non-separability [82 . 

LOCC essentially describes a multi-step process for transforming any input state to a different output 
state while obeying certain rules. Given any multipartite state, we may split it up into its relevant parts 
and send each of them to different labs around the world. We allow the respective scientists to perform any 
experiment they see fit; they may then communicate these results to each other classically (using email or 
phone or carrier pigeon). Furthermore, for the most general LOCC, we allow them to do this as many times 
as they like. 

Using the aforementioned protocol one may create only separable states and hence it must be impossible 
for any entanglement to be generated since entangled states are non-separable. Therefore, we may demand 
that any would-be function for measuring entanglement must be a monotonically decreasing function of 
any LOCC transformation. Any function fulfilling this and a couple other criteria will be deemed an 
entanglement monotone. We will shortly arrive at a mathematical description of what this means, but first 
we must discuss LOCC. 

In order to understand the mathematical formulation of LOCC transformations, we should briefly cover 
Positive Operator Valued Measures (POVMs). The field of POVMs is rather large and technical see for 
example ^TjEHlES], for now we will content ourselves with a basic functional introduction. The following 
introduction leans heavily on Nielsen and Chuang [57] . 
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POVMs are a generalisation of what is called projective measurement. Projective measurements are 
the usual quantum measuring operators that square to one and form an orthonormal basis. They have the 
following form 



with the following familiar properties 



Pi 


= P^ 


Hermiticity, 


P^PI 




Orthogonality, 


^P^\^) 


= > 


Positivity, 


J:.p^ 


= 1 


Completeness. 



According to the Copenhagen Interpretation, any state 1$) can expanded in the measurement basis 



I*, 



tti e C, 



(3.1) 



(3.2a) 
(3.2b) 
(3.2c) 
(3.2d) 



(3.3) 



and a measurement will result in the collapse of the state |<i>) to one of the eigenvectors with a 

probability given by a*ai. This much is known already. The problem is that this language is not ideally 
suited for real life quantum experiments nor does it adequately describe the space of possible quantum 
operators. For this we use density matrices and POVMs. 



One way to obtain POVMs is to relax the orthogonality condition (3.2b I to allow a set of operators 
Ei that are positive and complete (the Hermiticity condition is implied as this is always true for positive 
operators). In this formalism, we may take any set of matrices that are positive and complete, {Ei}; these 
will then form set of POVM elements Ei, for which the measurement operators. Mi, will be defined as 



M, 



(3.4) 



where the square root of a matrix is defined as the positive square root of the eigenvalues in the basis in 
which the matrix is diagonal. Hence we have J^i MjMi — J^i P^i — I ™d the probability that the state j^*) 
will go to the state M^l^) is given by = {^\Mj Mi\'<i') 

We will shortly further generalise POVMs to quantum operators, which will form the basis of our 
discussion of LOCC, but before we do that, we must briefly discuss the density matrix. The density matrix 
is essentially a reformulation of the usual state vector formulation but it has the added bonus that it 
deals with any quantum state that contains mixtures of classical and quantum correlations in a completely 
consistent way. For example, if we know that the output from a certain source is likely to be a certain 
ensemble of states with probabilities pi, then the density matrix p is defined to be 



= ^p,|vl/,)(vl/. 



(3.5) 



Instead of dealing with a vector and keeping track of various pi associated with which state the system 
might be in, we now deal with a matrix p that takes care of all of that. 

When we know the exact state of the system, then all but one of the pi's will be zero and the density 
matrix reduces to p = \'^){^>\. This allows us to distinguish two types of density matrices, those which are 
pure like the one in the previous sentence and can be expressed in a form such that p = |^)(\E'| and those 



that are mixed which can only be expressed in the form (3.5), as an ensemble average of density matrices. 

Let us now consider how the density matrix transforms under a general POVM. The probability of 
getting the result associated with measurement operator Mm from initial state {ipi) is given by 



p{m\t) = {iP,\MlMmH,) 

= tr {MlMm\A){A\) ■ 



(3.6) 
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But p{m) — X]i-P("^K)Pj so 

p{m) = y^^p{m\i)pi 

i 

= ^tr(Mt^M„|V'.)(V.|)p. (3-7) 

i 

= tr (MlMmp) . 

Now, under the action of POVM elements Mm, on the state \tpi), we have 

1^.) - I^D = ; ^"'''^'^ ■ (3.8) 



(V'»|M^M„|7/>i 

To see how the density matrix transforms, let us consider associated with result m from an ensemble of 
states iV'i")' which will then have probabilities p{i\m) 

p™ = ^p(^|™)lV'^>(^^l 

i 



where we substituted IV'I") from (3.8 1. Now, from probability theory, we know p{i\m) = p(m,i)/p(m) 



p{m\i)pi / p{m) , which on substituting in (3.9 1, gives us 

^ {^^\MlMM 



MmpMl (3.10) 



tr 



We now prove that the necessary and sufficient conditions for a matrix to be a density operator are that 
its trace is 1 and that it is positive. Let us suppose that p = '^iPi\'4'i){'4'i\, then 

trp=^p,tr(|V',;)(V'^|) = 5Ip^ = 1' (3.11) 

i i 

and for an arbitrary state |(^) we have 

i 

= Y.pm^.)? (3-12) 

i 

> 0. 

Conversely, suppose that p is positive and has trace 1, then it must have a spectral decomposition 

p = ^A,|*)(z|, (3.13) 

i 

where the Xi are real, positive eigenvalues of p, and from the trace condition we have J^i -^i = 1 which 
implies p describes the ensemble {Xi, 
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We may now extend our earlier analysis of POVMs to quantum operators. Considering quantum states 
as positive matrices with trace 1, we may now define any valid quantum process as a map 



p ^ £{p) 



(3.14) 



from the domain to the codomain of valid density operators. We include those functions that enlarge or 
reduce the Hilbert space, either by locally appending ancilla, the new larger joint system being allowed to 
evolve unitarily, or by tracing out local subsystems. These superoperators must obey three axioms: 

1. iv£{p) is the probability that the transformation p — > £{p) occurs. 

2. £{p) is a linear convex map on the set of density operators, that is. 



This is necessary so that £{p) makes sense as a density matrix in its own right. 
3. £{p) is a completely positive map. Requiring only positivity allows one to construct maps that are 
positive on a subsystem but not on the complete Hilbert space; complete positivity cures that problem. 

Using these three axioms, it is not too hard to show that 



for some set Ei of operators that map the input Hilbert space to the output Hilbert space and obey 
J2i^i^i — 1- These £ are called Completely Positive maps (CP maps), and if they satisfy the stronger 
condition ^l^i — 1 then they are called Completely Positive Trace Preserving maps (CPTP maps) and 
are like the POVMs. We are now in a position to describe LOCC. 

As explained earlier, LOCC is the name of a class of protocols that act on any multi-party quantum 
state that is split between a number of parties (say Alice in France, Bob in the States, and Charlie on the 
moon, etc.). Alice, Bob and Charlie are allowed to perform any local quantum operation they want (LO) 
and communicate the results back to the others (CC) for further experimentation. It is deemed self evident 
that one cannot introduce non-local quantum correlations using this process, and hence that entanglement 
can never be created by this process. 

For now we will assume that any LOCC process is deterministic but not necessarily reversible (i.e. we 
may consider maps that enlarge/reduce the Hilbert space, including measurements, but only if they do so 
with certainty). This requires us to consider only CPTP maps £. The classification of LOCC protocols may 
be found in [StllTgD]. 

Equipped with a mathematically precise prescription for LOCC (it ought to be noted that this is still, to 
some extent, an open question) we may begin to address the issues of using and quantifying entanglement. 
Generally, in quantum information theory, we are interested in how we can usefully convert n copies of a 
state 1^) into m maximally entangled states, and the protocol for doing so will be a LOCC protocol. In 
the limit in which n oo it is possible to use these protocols to get bounds on asymptotic entanglement 
measures such as the entanglement of formation and the entanglement of dissolution (72 |H2] . 

For these protocols one would generally use irreversible LOCC, meaning that the protocol will always 
succeed, but it is impossible return the final states to the initial states. This is fine if we have n copies of a 
state, but if we only have one copy, we do not have this 'asymptotic freedom'. If we only have one copy of 
the state we are going to be interested in classifying it under reversible LOCC, so that we may equate any 
state with any other state that can be reached by a reversible LOCC protocol. 

3.3. LOCC and SLOCC equivalence 

As emphasised LOCC cannot create entanglement. Consequently, from a quantum information theoretic 
perspective, any two states which may be interrelated using LOCC ought to be physically equivalent with 
respect to their entanglement properties. This motivates the concept of LOCC equivalence, introduced in 
|72j . Two states lie in the same LOCC equivalence class if and only if they may be transformed into one 



(3.15) 




(3.16) 
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another using LOCC operations. Since LOCC cannot create entanglement any two LOCC equivalent states 
necessarily have the same entanglement. The set of LOCC transformations relating equivalent states forms 
a group. It may be thought of as a gauge group with respect to entanglement in the sense that it mods out 
the physically redundant information. It was shown in [72] that two states of a composite system are LOCC 
equivalent if and only if they may be transformed into one another using the group of local unitaries (LU) , 
unitary transformations which factorise into separate transformations on the component parts. In the case 
of n qudits, the LU group (up to a phase) is given by [SU{d)]". The LU orbits partition the Hilbert space 
into equivalence classes. For a n-qudit system the space of orbits is given by [T0TJ[76]: 

^ ^ (3.17) 



U{1) X [^[/(d)]"' 

However, for single copies of pure states this classification is both mathematically and physically too 
restrictive. Under LU two states of even the simplest bipartite systems will not, in general, be related 
|102j . Continuous parameters are required to describe the space of entanglement classes |101l [751 11031 177] . 
In this sense the LU classification is too severe |102j . obscuring some of the more qualitative features 
of entanglement. An alternative classification scheme was proposed in [73] I102j . Rather than declare 
equivalence when states are deterministically related to each other by LOCC, we require only that they may 
be transformed into one another with some non-zero probability of success. 

This coarse graining goes by the name of Stochastic LOCC or SLOCC for short. Stochastic LOCC 
includes, in addition to LOCC, those quantum operations that are not trace-preserving, i.e. we have 
tr(£(p)) < 1, so that we no longer require that the protocol always succeeds with certainty. It is proved 
in [102 that for n qudits, the SLOCC equivalence group is (up to an overall complex factor) [SL{d,C)]" . 
Essentially, we may identify two states if there is a non-zero probability that one can be converted into the 
other and vice-versa, which means we get [SL{d, C)]" orbits rather than the [SU{d)]'^ kind of LOCC. This 
generalisation may be physically motivated by the fact that any set of SLOCC equivalent entangled states 
may be used to perform the very same non-classical, entanglement dependent, operations, only with varying 
likelihoods of success. For a 7i-qudit state the space of SLOCC equivalence classes is given by [102] : 

^ ^ (3.18) 



[5L(d,C)]" 

For n-qubit systems we have 



^ ^ (3.19) 



[S'i(2,C)]" 

and, in this case, the lower bound on the number of continuous variables needed to parameterise the space 



of orbits is 2(2" — 1) — 6n. Note, for three qubits the space of orbits is finite and discrete (see Table 1 1 giving 
the concise classification of entanglement classes of |102j . 



3.4- Entanglement monotones 

In general, for some function to be an entanglement monotone, we require three axioms: 

1. E{p) = if p is separable. This fixes the bottom end of the scale and ensures that states that are 
separable have no entanglement 

2. E{pab) = E [{Ua <8) Ub)pab{Ua ® Ub)^) which means that states that are related under LU transfor- 
mations have the same entanglement. 

3. E{pab) > E {£{pab)) where £ is a CPTP map. This is perhaps the most important axiom and ensures 
that our intuitive definition of entanglement, as something non-local that cannot be created by LOCC, 
is correct. 

Depending on which source you read [HHllHlllHl], it is possible to add a few more axioms, whose essential 
point is to guarantee that all pure bipartite measure of entanglement reduce to the Von Neumann entropy 
function, i.e. 

E{\^)ab) = S{p) = -tr(plog2p). (3.20) 
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For our purposes, we need not concern ourselves with these technicahties. See also |104l 11051 11061 [TU7\ . 

Since SLOCC is a coarse graining of LOCC, proving that something is a monotone under SLOCC 
operators, is a stronger condition than axiom 3 above (and in most cases simplifies the task of establishing 
monotonicity). In fact, this is equivalent to saying that 

Eip) > p^E{p,) (3.21) 

under any CP map £ such that p — > ^^PiPi (which, historically, was the original monotone axiom 3 in 
the quantum information literature IHj). This is the approach taken by |102j when verifying that Cayley's 



hyperdeterminant is a genuine entanglement monotone (as we will show in section 4.3.51 
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4. QUBITS 



One qubit: SL{2)a 

Entanglement may be thought of as a quantum information resource in the same sense as entropy or 
energy are classical resources j97j . However, its properties profoundly differ from the properties of those 
familiar concepts. We have, at best, an incomplete description. In order fully to understand entanglement 
we would like to be able to describe precisely its creation and transformation, to classify the distinct types 
of entanglement, to quantitatively measure it, to utilise it as a resource and to illustrate, precisely, how it 
differs from classical resources at a fundamental level. 

We will touch upon each of these topics at some stage of our qubit-black hole discussion suggesting, 
already, that it is both a substantial and a profitable line of thought. However, before we do so we must 
introduce the basic quantum information theoretic concepts. 

A quantum bit, or qubit, is the smallest unit of quantum information. It refers to the state of a 2-level 
quantum system, such as the spin-up/spin-down states of an electron. The two basis states are labelled |0) 
and 1 1) . The one qubit system (Alice) is described by the state 

m^aA\A), (4.1) 

where A = 0, 1, so 

I*) = ao|0) + ai|l), (4.2) 

and the Hilbert space has dimension 2. As described in [section i72\ the SLOCC group for a single qubit is 
SL(2)a, under which aA transforms as a 2: 



aij ^ \c dj \ai 



(4.3) 



where ad — be ~ 1 . 

The density matrix p, defined by 



or 



obeys 



P=l*>(*l, (4.4) 

PA,A2 = aA.ttA^, (4.5) 

trp={^\^). (4.6) 



4.2. Two qubits: SL{2)a x SL{2)b 
4.2.1. States 

The two qubit system (Alice and Bob) is described by the state 

l^f) ^aAB\AB), (4.7) 

where A = 0,1, so 

I*) = aoolOO) + aoilOl) + aio|10) + aii|ll) (4.8) 

and the Hilbert space has dimension 2^ = 4. aAB transforms as a (2, 2) under the SLOCC group SL{2)a x 
SL{2)b. 

The determinant of the 2x2 matrix uab is given by 

det aAB = ^e^'^^^e^^^^aAiBiaA2B2 

= aoooii - aoiflio (4.9) 
= 0003 - aia2, 



26 



where we have made the binary conversion 0,1,2,3 for 00, 01, 10, 11. Note that 

\aeta\ — je e oaiBi 0^2-822 ^ '^AsBsO-AiBt- l^.iUj 

Using the identity 

^AiA2^A3A4 _ ^AiA3gA2A4 gAiAi^A2A3 j^j^^ 

we have 

Idetap = 1(^^.^.MA2A, _ 5-4.A.^A2A3)^B.B2^^^^^„^^^^^B3B.^*^^^^^*^^^^ 

1 B B B- B f \ 
= 4^ ^ ^£ '^{PB^B^PB^Bi- PB^BiPB^B^) 

\ -BxB'i B-^B/i 

— 2^ £ PB^B^PB^Bi 

— det pB = det p^, 
where we have defined the reduced density matrices 



or 



Explicitly, 



PA = ^^B\^)m. 

PB = TrA|^')(^'|, 

{PA)A^A2 = S^^^^<^AiBia*A2B2 = (Pa)a2Ai, 
(Ps)biS2 = '5'^'^^aAiSiaA2-B2 = (Ps)b2-Bi- 

_/|aoP + |ai|2 aoa2 + aia5\ 



and 



Alternatively 



where 



Idetap = 1(5^.^3^A2A, _ 6^^''-S^^^^)e^^^^aA,B,aA2B2e''^''^a*A,B3<.B, 

= l(^A,A35A2A. _ 5^^^^S^^^^){aA)MA2i'TArA3A,, 

{crA)AiA2 = £^^^'^aAiBiaA2B2 = -{<7a)a2Ai, 

{<^b)biB2 ~ £^^^^0-A^BxO-A2B2 = ^{'^b)b2Bx- 



(4.12) 



(4.13) 



(4.14) 



(4.15) 



det PA = detpB = laoPlaaP + |aina2p — (00020301 + 01030205). (4.16) 



(4.17) 



(4.18) 



4- .2. 2. Entanglement classification 

For bipartite pure states, \^) = aAB\AB), where A = 0, . . . m and 5 = 0,... one can always answer 
the question of whether a state is entangled or not. Such a state is separable if and only if gab is rank one. 

The SLOCC classification is particularly simple in this case. The set of local unitaries is contained in 
SLOCC and consequently, using the Schmidt decomposition, any state can be written as 



IV-) =^\/^|w>, ««>0, (4.19) 



^Without loss of generality we take n < m. 
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< n, where n is the dimension of the smaller of the two sub-systems. The Schmidt number is given 
by the rank of either one of the reduced density matrices (4.151. Since their rank cannot be changed using 
SL{m,(C) X SL{n,C) there are n entanglement classes under SLOCC |102j . A state of a given rank may 
be transformed into any state of a lower rank with some non-zero probability using non-invertible SLOCC 
operations. No SLOCC operation can increase the rank of a reduced density matrix. Hence, the SLOCC 
classification is stratified: the higher the rank the stronger the entanglement [102. . 

For a two-qubit system there are then only two SLOCC classes: entangled and separable corresponding 
to rank 2 or rank 1 reduced density matrices, respectively. The bipartite entanglement is measured by the 
concurrence 1691 



Cas = 2v/detr^= 2v/det^= 2 |deta|, (4.20) 

or the 2-tangle 

TAB = C\b = 4(|ao|^|a3p -I- |ai|^|a2|^ - {aoala^al + aiala2al)). (4-21) 
Recall that the eigenvalues of a 2 x 2 matrix obey the characteristic equation 

det p - tr pA + = 0. (4.22) 



Hence the eigenvalues of pA are 
and 

obeying 



Ao = i[trp+ v/(tr/9)2 -4detp], (4.23a) 
Ai = i [tr p - V(tr/3)2 -4detp] , (4.23b) 



Ao + Ai = trp, 
AqAi = det p. 



(4.23c) 



so for an entangled state, with non-zero concurrence, pA has rank 2 but only rank 1 for a product state as 
required by the SLOCC classification. Note that the 2-tangle may also be written 

T^B -2[(trp)2-trp2]. (4.24) 

4.2.3. Bell states 

An example of a separable state is 

l*) = 7f(l|00) + |01))' (4-25) 
since when Alice measures 0, Bob can measure either or 1 with equal probability. Here 

TAB = 0. (4.26) 
An example of an entangled state is the Bell state: 

l*>- 75(100) + 111)), (4.27) 

for which 

TAB = 1, (4.28) 

since if Alice measures 0, Bob must also measure and if Alice measures 1, Bob must also measure 1. This 
is the origin of the famous EPR "paradox" , since Alice may be in South Kensington and Bob on Alpha 
Centauri, yet their measurements are correlated. 
For normalised states, 



(^-l^-) = 1 
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(4.29a) 



implies 

|aoP + |aiP + |a2p + |a3|' = l, (4.29b) 

or 

|ao| = ±(l-a2)i/2, (4.29c) 

where 

a2 = |ai|2 + |a2|2 + |„3|2, (4.29d) 



One can verify that the 2-tangie is maximised (and equal to unity) when 

1 

(4.30a) 



ai — a2 — U, 

and when 

ai = 02 = 4=, 

^2 (4.30b) 
flo = 03 = 0. 

These states are obviously entangled since if Alice measures or 1 then Bob must measure or 1, respectively, 
in the first case and 1 or 0, respectively, in the second. 

4.3. Three qubits: SL{2)a x SL{2)b x SL{2)c 

4.3.1. States 

The three qubit system (Alice, Bob, Charlie) is described by the state 

I*) -flAscl^SC), (4.31) 

where A — 0,1, so 

1^-)= aooo|000)+aooi|001) + aoio|010) + aoii|011) 

|100)+aioi|101) + ano|110) + aiii|lll), ' 

and the Hilbert space has dimension 2"^ = 8. aABC transforms as a (2,2,2) under the SLOCC group 
SL{2)a X SL{2)b X SL{2)c. 

4.3.2. Cayley's hyperdeterminant 

The 3-index quantity aABC is an example of what Cayley termed a hypermatrix. Its elements may be 
represented by the cube shown in Figure 1 In 1845 he generalised the determinant of a 2 x 2 matrix to the 
hyperdeterminant of a 2 x 2 x 2 hypermatrix aABC |22] 



Beta := -5 £^1^2^-81^2 ^A3A4gB3B4gCiC4£C2C3 

22 22 22 22 
= aQooOj^^i + OqoiOiio + OqioOioi + OiooOqh 



(4.33a) 



^ 2 (aooooooioiiooiii + ooooaoiooioioiii 

+ oooooiooooiioiii + oooiooiooioioiio (4.33b) 

+ oooiOiooOoiiOiio + ooioOiooOoiiOioi) 
+ 4 (ooooooiioioioiio + oooiooiooioooiii) 



22 22 22 22 

— UqUj + Cj^Og + 0305 + 0304 

2 (aoaiflgay + 09020507 + 09040307 
+ 01020506 + 01O3O4O6 + 02O3O4O5) 
+ 4(00030506 + 01020407), 
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(4.33c) 



Figure 1: The 3-index quantity aABC is an example of a hypermatrix, here depicted as a cube. In 1845 Cayley generahsed 
the determinant of a 2 X 2 matrix to the hyperdeterminant of a 2 X 2 X 2 hypermatrix. The hyperdeterminant may also be 
assembled from the 2x2 matrices formed by partitioning the hypermatrix cube across its planes of symmetry as shown in 
[section 10.31 
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Table 7: Three cyclic permutations of the binary notation. The hyperdeterminant, (|4.33a[|, is invariant under this triality. 



where we have made the binary conversion 0, 1, 2, 3, 4, 5, 6, 7 for 000, 001, 010, Oil, 100, 10 1, 110, 
111. (The cychc permutations are 0, 4, 1, 5, 2, 6, 3, 7 and 0, 2, 4, 6, 1, 3, 5, 7. See [Table 7]) The 
hyperdeterminant, which we denote by Det with a capital D, is also expressed diagrammatically in Figure 2] 
The hyperdeterminant vanishes iff the following system of equations in six unknowns u^,v^ ,w'-^ has a 
nontrivial solution, not allowing any of the pairs to be both zero: 

aABcu^v^ = 0, 

aABcu^w^ = 0, (4.34) 

ttABCV^w'^ = 0. 

For our purposes, the important properties of the hyperdeterminant are that it is a quartic invariant under 
[S'L(2)]^ and under a triality that interchanges A, B and C. These properties are valid whether the qabc 
are complex, real or integer. For more on three qubit entanglement see [27l 1108} 1109} I110|, 11111 1112] . 

One way to understand this triality is to think of having three different metrics (Alice, Bob and Charlie) 

l^{a)A,A2 = ^■^'^'e^''^'aAiSiCiaA2B2C2, 

7^(a)BiB2 = e^'^'e'^'^'aA,B^c^aA,B2C2, (4-35) 
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det(a) 



Det(a) 



1/2 




-1/2 




Figure 2: A diagrammatic comparison of tlic hypcrdctcrminant against the ordinary determinant. The encircled letters denote 
tensors and the lines are index contractions. The similarities are manifest as the building blocks are virtually identical, the 
principle difference being the extra indices on the a's. The iiyperdeterminant is simply the determinant of the determinant-like 
object 7. (The third indices on the a's are the free indices of the 7's). 



Explicitly, 

2(0003 - 0102) 
^aottr — aitte + 0403 — 0502 

2(0005 - 0401) 

^OoOy — 04^3 + 0,20,5 — OeOi 

2(oo06 - 0204) 

^OottT - 0,205 + OiOg - 0304 

All are equivalent, however, since 

det 7^(0)= det 7^ (o) = det 7^ (o) 

If we make the identifications 

oo = 

02 = 
04 = 

06 = 



0007 - oioe + 04O3 — 0502 
2(0407 — 0505) 

O0O7 - 0403 + O2O5 - a(iO,i 
2(0207 - O6O3) 

O0O7 — 0205 + O1O6 — 0304\ 

2(0107 - 0305) J 



Det o. 



J_( pO _ p2 



V2 



p3) 
P2) 



or inversely. 



then 



and 



Hence 



0007 



Pi = 

P2 = - 
P3 = 

2(-ao06 4 

2(-ai07 4 
02O5 + oioe 



- 0204) 

- 0305) 



- ao) 
f 02) 

- 012) 

= P2 
= Q' 



0304 ^ P ■ Q 



Oi = 


-75(^° 


+ Q2) 




03 = 


-75(^3 


+ Qi) 




05 = 


7l(«3 


-Ql) 




07 = 


7i(«° 


-Q2), 




Qo = 


75 ('^^ 


- ai) 




Ql = 




+ 03) 




Q2 = 




+ ai) 




Q' = 


75(^5 


- 03), 






+ P^' 


_ p22 


- P'\ 


= Qo' 


+ Ql' 


- Q2' 


- Q3', 


= P°Qo 


+ P^Qi 


+ P^Q2 


+ P^Qz 



1' = 



Det o 



_p2 

P-Q 



p-g 



(4.36) 



(4.37) 



(4.38) 



(4.39) 



P'Q' + (P • QY. 



(4.40) 

(4.41) 
(4.42) 
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In two component spinor notation 

pAB 



1 

1 

72 



pO _ p2 pl — p3 
pi _|_ p3 pO p2 



-Q1 + Q3 ( 



h-Qs 

h'Q2 



we have 



and 



a-ABC 



pAB 



PA1B1PA2B2 
QA1B1PA2B2 



Pa 

QaiB 



A2B2 
'A2B2 



(4.43) 

(4.44) 
(4.45) 



This is manifestly invariant under 5*0(2, 2)^^ and transforms as a 3 under SL(2)c 

4-3.3. 2-tangles and 3-tangles 

It is useful to define the reduced density matrices 

PB = Trc.A|*)(*|, 
Pc-TrAB|^')(^'|, 



so 



(Pa)AiA2 

{Pb)biB2 

(pc) 



6^-^^5''-^^aA,B,c,aXB2C2 

5C^C2^MA2^^^^^^y^^^^^^ 



C1C2 



= 6 



A1A2 s:BiB2 



a-AiBiCi 0-A2B2C2 



{Pa)*A2Ai^ 

(ps)b2_Bi, 

iPc)c2Ci- 



(4.46) 



(4.47) 



Explicitly, 



PA 



PB 



PC 



Va2ao 

f\ao\^ + \a2\ 



2 



|a2r 

|2 



>3P 
|2 



|air + l«5| 
030^ + aral 

|a4p + |a6p 
0504 + ayag 



0004 

I«4P- 



aoa2 
Goal 



0-10,1 

a4ag 
a2a3 

kP 



(4.48) 



a2ag + a3a7\ 

kl' + kl7' 
kP + klV' 

0405 + flgayN 
lasP + larlV' 

The 2-tangles between Alice and the Bob-Charlie system. Bob and the Charlie- Alice system and Charlie 
and the Alice-Bob system are given by [TB] 

ta{bc) = 4detpA, 

TB{CA)=4:detpB, (4.49) 
Tc{AB) = 4detpc, 

and are also known as local entropies, denoted Sa, Sb, and Sc. Explicitly, 



TA{BC) 



Tb(CA) 



TC{AB) 



^[\ao?\o7? 
+ |aina4p 

4[|aonar|2 
+ |a4p|a2|2 
-23fJ(aoa2a6a| 

4[|aona7p 
-25R(ooa^a3a2 



laiPlaeP 
laiPkP 

|a4p|a3p 
|a4p|a7p 
aoa2a3ai 

|a2p|a5p 
Ia2p|a7p 
000^0504 



\a2?\o^? 
\a2?\ai? 
ao 0^0703 

kl'keP 

kn«2p 

09020705 
|a4na3p 



|a3p|a4p 
I«2p|a7p 
01050502 

\0^?\02? 

\oi?\o,? 

OiOgOg02 



|«4naiP + |a4p|a7h 



09040702 
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02O3O5O4 



\o^?\a,? 
|a3na5p 
O1O5O705 

01O5O7O3 

i«6n«3p 

02030702 



|a3p|a6p 

020g070^)], 

|aoP|a3p 
|a5p|a3p 
020^070^)], 

04050705)]. 



(4.50) 








'''ABC 




'''BC 



Figure 3; A schematic of four of the entanglement measures of a three-qubit system: the 2-tangles, T^^g, r^c and Tgc S'lid the 
3-tangle, t^bc- The 2-tangles give the bipartite entanglements between pairs, while the 3-tanglc is a measure of the genuine 
three-way entanglement. 

The 2-tangles between Alice and Bob, Bob and Charlie and Charlie and Alice within the ABC system are 
given by [IS] 



TAB 


/-i2 1 
— ^AB — 2 


{-TC{AB) - 


1- Ta{BC} - 


1- Tb{CA) 


- TABc) , 




tbc 


^2 1 
— '-'BC — 2 


{-ta{bc) - 


\-tb{ca) - 


\- Tc{AB) 


- tabc) , 


(4.51) 


TCA 


^2 1 
— '-'CA — 2 


{~Tb(CA) - 


1- '''c(AB) - 


1- Ta{BC) 


- tabc) , 





where Cab,Cbc and Cca are the corresponding concurrences, see Figure 3] Thus 



TAB + Tbc + tca^ 5 {ta{bc) + tb{ca) + tc{ab} - Sr^sc) , (4-52) 

and 

Tabc — ta{bc) ~ tab ~ tca, 

Tabc = tb{ca) - Tbc - TAB, (4.53) 
Tabc = tc(ab) — tca~ tbc: 



where tabc is the 3-tangle [HJ I113j 
Explicitly, for Deta > 0, 



TABC =4|Deta|. (4.54) 



tab = 4(aoa6 - 0402 + aiar - 0503)^, 

Tbc = 4(aoa3 - 0201 + 0407 - agas)^, (4.55) 
Tca = 4(aoa5 - 0104 -I- 0207 - aaag)^. 

It is also useful to define 

{ta)aiA2 = S^'^^£^'^''aAiBiCiaA2B2C2 = -{<ta)a2Ai, (4.56) 
similarly {aB)BiB2 and iac)ciC2- Explicitly, 



TA 



— a2ai -|- oofts — 0505 + 0407 

a2ai — a^a^ + 0505 ~ 0407 

—a\a^ + oofts — agOa -f 0207 



^B - \ , r\ 



(JC = 

Then using the identity 



—0402 + aoftg — 0305 + 0407 

0402 — 00^6 + 0305 ^ aiar 



^AiA2^AaA4, _ gAiA3gA2A4, _ gA^Ai^AzAs ^ 
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we have, restricting to real aABC, 

Beta = -^{S^'^^-'S^'^^ - 5^i^4jA2A3)(jBi 5,3^5^54 _ gB,B,gB,Bs^ 

X e^^^'^e^^^'-'aAj^BiCi B2 C2 C-A3B3 C3 o,Ai B4 d 

-{<Jb)b,bA<^b)b,bJ''''''S''^''- 

= det(pc) + 5 tr(CTA)^ + 5 tr(CTB)2, 

Det a — det(pc) — det(o'B) — det(crA). 



(4.58) 



or equivalently 
Hence 



TAB = 4det(CTc), 
tbc = 4det(CTyi), 
TcA = 4det(CTB). 



(4.59) 



(4.60) 



4 .3. 4- Entanglement classification 

Recall, two states of a composite quantum system are regarded as equivalent if they are related by a 
unitary transformation which factorises into separate transformations on the component parts, so-called local 
unitaries. See section 3.3 and [7^ TPI\ [771 ITTl imi [75] for more details. The Hilbert space decomposes into 
equivalence classes, or orbits under the action of the group of local unitaries. For unnormalised three-qubit 
states, the number of parameters [lOlj needed to describe inequivalent states or, what amounts to the same 
thing, the number of algebraically independent invariants |103j is given by the dimension of the space of 
orbits 

U{1) X SU{2) X SU{2) X SU{2) ' ^ ' ' 

namely 16 — 10 = 6. For subsequent comparison with the STU black hole, however, we restrict our attention 
to states with real coefficients qabc- In this case, one can show that there are five algebraically independent 
invariants: Beta, Sa, Sb, Sc and the norm (^'|^'), corresponding to the dimension of 



X X R^ 



50(2) X 5*0(2) X 50(2)' 



(4.62) 



namely 8 — 3 = 5. Hence, the most general real three-qubit state can be described by just five parameters 
|115j . conveniently taken as four real numbers Nq, Ni, N2, N3 and an angle 6: 



\^) = -iVgCos^eilOOl) -iValOlO) + iV3sin6lcos6l|011) 
-iVillOO) -iV3sin6lcos6l|101) + (Nq + N3 sin^ t 



nil). 



(4.63) 



Further, under the coarser SLOCC classification, Diir et al. |102j used simple arguments concerning the 
conservation of ranks of reduced density matrices to show that there are only six three-qubit equivalence 
classes; only two of which show genuine tripartite entanglement, see [Table 1[ These are: 

Class A-B-C, product states represent completely separable states like 

li'A-B-c) ^ No\in), (4.64) 

for which all 2-tangles and 3-tangles vanish. 

Classes A-BC, AB-C and C-AB, bipartite entanglement. These states have only bipartite entangle- 
ment between two of the qubits and zero entanglement with the third, for the class A-BC a represen- 
tative is 

\^A-Bc) = A^ollll) - iVillOO), (4.65) 

and they have their respective tbc 7^ but tabc — 
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Class W, tripartite entanglement. The canonical state is 

|W) = -iVillOO) - A^2|010) - A^alOOl), 



(4.66) 



for which all 2-tangles do not vanish but the 3-tangle is still zero. These do not violate Bell's inequalities 
but are resilient to information loss: tracing out one qubit leaves a maximally entangled bipartite state. 

Class GHZ (Greenberger-Horne-Zeilinger |116|, ITTT] ) the other genuine tripartite entangled state, 
for which the canonical example is 



|GHZ) = A^ollll) - A^illOO) - iVslOlO) - A^alOOl), 



(4.67) 



which has non-zero 2-tangles and non-zero tabc- These states are the ones that maximally violate 
Bell's inequalities; they are, however, fragile, as tracing out one qubit leaves you with a mixed bipartite 
state. 



Using parametrisation (4.631, representatives from each SLOCC class can be found in Table 8 



The state (4.63) is obtained from the canonical form for real states |118j . 

I*) = aolOOO) + a4|100) + agllOl) + aelllO) + otIIH) (4.68) 
by applying two different SO{2) transformations on the second and third bits, 1a <Xi Tb ^ Tc where 



sm Vi cos Vi 
■ cos Oi sin 6*1 



T, 



c 



sm 62 cos U2 
■ cos 62 sin 62 



(4.69) 



Applying this to (4.68| and setting it equal to (|4.63|), we obtain the following two solutions 



CSC Oi 



4a4 



- 40405 cos 6*2 — 40507 cos 62 + 05 sin(20i — 62) 
o^ sin(26li - 62) + al sin(2e'i + 6*2) + o? sin(26'i + 6*2) 



N2 
N3 



-07 cos fi COS 62 — 05 COS ^2 sm Ui 

Og 



0904 



oqOs cos (71 cos f 2 — O0O7 COS t/2 sm t/i 



— (0007 cos t/2 sm fi — 00O5 cos f 1 cos t/2 
04 V 

— ( cos 02 CSC 6*1 sec 9i (04O6 cos 9i + a^aj cos ^i) 



(4.70) 



04 



04 sin 9i — Gj sin 9i 



^9^±l. 



Class Entanglement Representative 

A-B-C Separable A^o|lll) 

A-BC, AB-C, AC-B Bi-separable AToIIH) - A^i|100) 

W Full bipartite entanglement -iVi 1 100) - iV2 1010) - A^a |001) 

GHZ Tripartite entanglement A^o|lll) - Ai|100) - iV2|010) - A^sjOOl) 

Table 8: The values of entanglement measures permit the partitioning of state space into SLOCC entanglement classes. Special 
cases of (|4.63|l are selected as representatives of these classes. 



35 



4-.3.5. Monotonicity of the 3-tangle 

In this section we prove (following |102j ) that E = ^/tabc is a monotone. In general we would want to 
prove that ^Jtabc is a monotone under any transformations on Alice, Bob or Charlie. However, the triality 
invariance of Cayley's hyperdeterminant under interchange of parties affords us a simplification. Since any 
SLOCC protocol can always be broken down into transformations on one party followed by some classical 
communication, and since tabc is invariant under interchange, we need only consider transformations on 
Alice. We further note that any local POVM can be implemented by a sequence of two outcome POVMs 



(4.71) 



102] ■ so we only have to consider POVMs A\ and A2, with the following condition 

a\a^ + A\A2 = 1. 



Under Aj, state It/i) goes to = ^il^/") with = (0^10^) representing the probability that operation Ai 
succeeds. After normalising, we have 10;) = c^ij ^Ppl. So, we require 



where 



For Cayley we have (4.371 
where 



s(^) >Pii;(<^i) + P2-B(02), 

£^(V') = = v/4|Det(7/;)|. 

Det (t/i) = -det7AiA2: 



Under a transformation on Alice (A^ ® 1^ ® Ic); we have 



£ £ a^iBiCi 0^2^202 



which gives 



det7AiA2^det A\^^'yA,A2AA^A2 
= det det 7 det A. 



(4.72) 
(4.73) 
(4.74) 
(4.75) 

(4.76) 
(4.77) 



Next, we use the singular value decomposition, which allows us to express any positive matrix as a 
product of a unitary matrix, a diagonal matrix and a different unitary matrix |97j . We have 



A, = U,D,V, 

where Ui E SU{2), V E U{2) and the Di are diagonal such that 

^+7(1^ 



Do 



+7(1^;' 



(4.78) 



(4.79) 



where a,b E [0,1]; hence, we have det t/^ = 1, det F — e*®, detl?i — ab and detD2 = ■\/(l — a^)(l — b'^). 
This gives det Ai — abe^^ . For Ai, if we put all this in ( 4.77[ ) and recalling that 0; = 4>i/Pi, we get 



det7AiA2('/'i) = det A]"det7(V'/Vpi)det ^1 



-7(^)e 



2ie 



(4.80) 
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and for A2, we get 



Substituting into E, we have 



(l-a2)(l-&2) 



(4.81) 



Pi 



= abVri^) + V(l-a2)(l-62)V7(V;) 
- (afe+ v/(l -a2)(l ^(^). 



(4.82) 



Finally we note that (4.821 is maximised for a = b and hence the condition in (3.21 1 is satisfied and y/TABC 
is always decreasing, and hence a monotone. 
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5. QUTRITS 

5.1. One qutrit: SL{3)a 

The one qutrit system (Alice) is described by the state 

\^) = aA\A), 

where A = 0,1, 2, so 

I*) =ao|0)+ai|l) + a2|2), 
and the Hilbert space has dimension 3. ua transforms as a 3 under SLOCC group SL{3)a- 

5.2. Two qutrits: 5'L(3)a x SL{i)A 
5.2.1. States 

The two qutrit system (Alice and Bob) is described by the state 

\^) = aAB\AB), 

where A = Q,1, 2, so 

|*)= aoo|00) + aoi|01)+ao2|02) 
+ aio|10) + aii|ll)+ai2|12) 

+ 020 1 20) + 021 1 21) +022 1 22), 

and the Hilbert space has dimension 3^ = 9. transforms as a (3,3) under SL{2>)a x «S'Z/(3)£ 
We define the reduced density matrices 

PA = TrB|*)(*|, 
= Tr^|*)(*|, 



or 



{Pa)AiA2 - ^^^^'^O.A^BiO'a^b^ = iPA)*A2Ai^ 



{Pb)b,B2 = S^''^^aA,B,aA2B2 = {Pb)*b2B^- 



Explicitly, 



kool^ + koiP + |oo2p aooa*Q + ama\i + aQ2(ii2 000020 + '^01021 + oio2a22\ 

PA = ( aioaoo + aiiOoi + ai2aS2 Wo? + Wi? + \ai2? oioa^o + "na^i + 012022 , 
^02oOoQ + a2ia[5;^ + a22o;52 0-200*1^ + aiio-li + a22a*i2 I020P + I021P + I022P / 

(|aooP + |oioP+|ao2p 000051+010011+020021 000052 + 0100^2 + 020022^ 
OQIOSo + OllO^o + 021020 |ooiP + |oiip + |a21p 0010^2 + O11O12 + O21O22 
0020^0 + O12O10 + 022020 002001+012011+022021 |O02p + |0l2p + |022p 

Recall that the eigenvalues of the 3x3 density matrices obey the characteristic equation 

det p - C2X + tr p - = 0. 
The determinant of a 3 x 3 matrix gab is given by 

detO=i£^i^^^^e^i^=^-^OAiBiOA,B,OA3B3 

= 000(011022 - 012O21) 

— aoi(oio022 — O12O20) 

+ 002(001021 - O11O20), 
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and 



|ao2p|aiip|a2oP 
|aooP|ai2p|a2ip 
aooOii |fl22pfioi'^io 
Oo2aio|a2ipaoo^i2 
|ao2paioa2iaiia20 
aoo|ai2pa2iaQ]^a2o 

ao2|aiopa2iaoi^22 

I 1 2 * =^ 

|aOl| 0100220120^20 

O00Ol2O2lO02'^ll'^20 

ao2aiia2oOoiOio022 

000011022001012020 
OoiOi202oOQoO|]^a22 



det Pa = det pb = 
|aoip|oi2p|o2op 

|ooiHoioHo22p 
I 1 2 * * 

OOIO10IO22I Ogpaj^]^ 

I 1 2 * >^ 

OOIO12IO20I OgjOj^]^ 

|oo2paiia2oa5;o02i 

O02I011 1^020000022 

OOl |oiop0220o2a2i 
I |2 * * 

|Ooo| 0120210]^]^ 022 

Oo20ii02oOoq05;202i 

0020lo02lOoi05;202o 

0020lo02lOoo05;ia22 

OoiOioa220oo05;202i 



|oo2p|oioP|a2ip 

|OOOP|021P|022P 

O00O12IO21PO02OJ0 

Oo20ll|o20pOo]^a^2 
Ooi|ai2p02oOoo02i 

O00IO11PO22O52O20 

|ooi 1^0120200^0022 
|o00paiiO22Oi2O2i 
Ool 010022 002011020 

O01O12O20O52O10O21 
O00O11O22O52O10O21 
Ooo0i202ia5iaio022- 



Here C2 is sum of the principal minors of the density matrix: 



6*2= looooii - ooioiol + I002O10 - 000O12I + |aoiOi2 - 002O11I' 

+ I001O20 - O00O21P + [000022 - O02O20r 
+ I012O20 - 010022!^ + 1002 021 - O01O22I 



IO10O21 - 011020! 
I011022 - 012021! 



The eigenvalues of the density matrix Ao, Ai, A2 satisfy 



A0 + A1 + A2 = 1, 

-^O-^l + '^lA2 + A2A0 = C2, 

A0A1A2 = I det op. 



(5.10) 



(5.11) 



(5.12) 



5.2.2. 2-tangle 

The bipartite entanglement of Alice and Bob is given by the 2-tangle dUl [1201 HHl 1112 IHS] 

TAB = 27 det PA = 27 I det OAS P, 
where pA is the reduced density matrix 

PA = TrB|^')(«'|. 



(5.13) 



(5.14) 



The determinant is invariant under 5*^(3)^ x <S'L(3)b, with oab transforming as a (3,3), and under a 
discrete duality that interchanges A and B. 



5.2.3. Entanglement classification 

Once again, for subsequent comparison with the Z) = 5 black hole, we restrict our attention to unnor- 
malised states with real coefficients uab- In this case, one can show fl02' that there are three algebraically 
independent invariants: tab, C2 and the norm (^'|^), corresponding to the dimension of the space of orbits 



W X W 



S'0(3) X 50(3)' 



(5.15) 



namely 9 — 6 = 3. Hence, the most general two-qutrit state can be described by just three parameters, which 
may conveniently taken to be three real numbers A^Oi -^ii -^2: 



I*) 



iVo|00) + A^i|ll) + A^2|22). 



(5.16) 



An SLOCC classification of two-qutrit entanglements, depending on the rank of the density matrix, is given 
in lTable 31 
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6. STU BLACK HOLES 



6.1. The STU model 
6.1.1. The Lagrangian 

An interesting subsector of string compactification to four dimensions is provided by the STU model 
whose low energy limit is described hy M = 2 supergravity coupled to three vector multiplets [1241 ITOl 
I125|, 115] . One may regard it as a truncation of an A/" = 2 theory obtained by compactifying the Type IIA 
string on Calabi-Yau. Alternatively, one may regard it as a truncation of an A/" = 4 theory obtained by 
compactifying the heterotic string on T^, where S,T,U correspond to the dilaton/axion, complex Kahler 
form and complex structure fields respectively. It exhibits an SL{2,1i)s strong/weak coupling duality and 
an SL{2, 'E)t x SL{2, I^u target space dualitjj^ By string/string duality, this is equivalent to a Type IIA 
string on A'3 x T^ with S and T exchanging roles [50. ,55. Moreover, by mirror symmetry this is in turn 
equivalent to a Type IIB string on the mirror manifold with T and U exchanging roles. Hence the truncated 
theory has a combined [5L(2, Z)]'^ duality and complete S-T-U triality symmetry [12]. Alternatively, one 
may simply start with this J\f — 2 theory directly as an interesting four-dimensional supergravity in its own 
right, as described below. 

The model admits extremal black holes solutions carrying four electric and four magnetic charges |19l 
I126j . Below we organise these 8 charges into the 2x2x2 hypermatrix and display the S-T-U symmetric 
Bogomol'nyi mass spectrum [19j . Associated with this hypermatrix is a hyperdeterminant, discussed in 



section 4.3.2 first introduced by Cayley in 1845 f2T . The black hole entropy, first calculated in pO] . 
is quartic in the charges and must be invariant under [S'L(2,Z)]'^ and under triality. As we shall see, 
the important observation for its link to entanglement is that it is given by the square root of Cayley's 
hyperdeterminant . 

Consider the three complex scalars axion/dilaton field S, the complex Kahler form field T and the 
complex structure field U 

S = Si + iS2, 

T = Ti+tT2, (6.1) 



U = Ui+ iU 



2- 



This complex parametrisation allows for a natural transformation under the various SL(2, Z) symmetries. 
The action of SL{2, Z)5 is given by 

aS + b 

^--^sTd' ^^-'^ 

where a,b,c,d are integers satisfying ad — be = 1, with similar expressions for SL(2,'E)t and SL(2,'Zi)u. 
Defining the matrices Ms,Mt and Mu via 

Ms^Kl (6.3) 



S2 V^i 1^1' 

the action of SL{2, 1i)s now takes the form 

Ms ^ uJs'^MsUJs, (6.4) 



where 



^s^it 5V (6-5) 



c a 



with similar expressions for Mt and Aijj- We also define the SL{2, Z) invariant tensors 

es^ET^eu^ f _^ ^ j . (6.6) 



®This 5L(2,Z)(7 should not be confused with U-duaUty. 
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Starting from the heterotic string, the bosonic action for the graviton g^^, dilaton ry, two-form B^^, four U{1) 
gauge fields ^5 and two complex scalars T and U is [19] 

LSTU = j d^xV^e-'^ [Rg + g^'^d^iid^r^ - ^g^^g''^ g^^ H^.pH^ra 

+ \ tridMr'^dMr) + \ tr{dMu'^dMu) (6-'') 

where the metric g^jy is related to the four-dimensional canonical Einstein metric by g^jy = ePg'^ and 
where 

H,_,up = 3 {d[^B^p\ - 5Aj[^(eT X eu)Fs^p]j ■ (6.8) 
This action is manifestly invariant under T-duality and [/-duality, with 

Fsf^u (^T^^ X uju^^)Fsf,u, Mt/u (^T/u'^ Mt/u^t/u, (6.9) 

and with 77, 17^1^ and B^^, inert. Its equations of motion and Bianchi identities (but not the action itself) are 
also invariant under S'-duality (6.2), with T and g''^^, inert and with 

-''"^^-^s^'i-''^), (6.10) 



Fsfiu'^J \Fs^i, / 

where 

Fsf.u" = -S2[{Mt-' X Mu^')ieT x su)]\*FsJ - S.Fs^J', (6.11) 
where the axion field a is defined by 

e^^-P'^d.a = V^ge-^g^'^g'-^gP^H^^r, (6.12) 

and where S — Si+ 182 — a + ie^^. 

Thus T-duality transforms Kaluza-Klein electric charges (F^^, Fs^) into winding electric charges {Fs^ , Fs'^) 
(and Kaluza-Klein magnetic charges into winding magnetic charges) , U -duality transforms the Kaluza-Klein 
and winding electric charge of one circle {Fs^ , Fs'^) into those of the other (^5"*, Fs^) (and similarly for the 
magnetic charges) but S'-duality transforms Kaluza-Klein electric charge (Fg^jFs'^) into winding magnetic 
charge (Fg^Fg) (and winding electric charge into Kaluza-Klein magnetic charge). In summary we have 
SL{2,Z)t X SL{2,Z)u and T ^ [/ off-shell but SL{2,Z)s x SL{2,Z)t x SL{2,Z)u and an S-T-U inter- 
change on-shell. 

One may also consider the Type IIA action Itus and the Type IIB action Ijjst obtained by cyclic 
permutation of the fields S, T, U. Finally, one may consider an action |20j where the S, T and U fields enter 
democratically with a prepotential 

F = STU, (6.13) 

which off-shell has the full STU interchange but none of the SL{2,1i). All four versions are on-shell 
equivalent. 

6.1.2. The Bogomol'nyi spectrum 

Following |19] . it is now straightforward to write down an S-T-U symmetric Bogomol'nyi mass formula. 
Let us define electric and magnetic charge vectors and (ig associated with the field strengths Fs"" and 

— - a 

Fs in the standard way. The electric and magnetic charges Qg and Pg are given by 

pa 

Fsor"' ~ —1 ^FsQr'' ^ — , (6-14) 



giving rise to the charge vectors 

1 _ fs!f^MT-' X Mu-' S^^^ST X euV fQ's 
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(6.15) 



Interestingly enough, as was shown in [THl [2U], the 8 charges may usefully be represented as a 2 x 2 x 2 
hypermatrix uabc 



transforming as 

Then the mass formula is 



^000 1 OOQli ^010 7 ^011: aiOOi OlOl: IllOi Qui 

-/3^, -Pi, -Pj, a]. , a| , a| , a| , , 



^ABC _ , , A , R , C EFG 



^BPS — 8 



a^{M^^ (g>Mrp^ (g)Mg^ £t «) Mg^ 



(6.16) 
(6.17) 
(6.18) 



This is consistent with the general J\f = 2 Bogomol'nyi formula [127] . Although all theories have the 
same mass spectrum, there is clearly a difference of interpretation with electrically charged elementary states 
in one picture being solitonic monopole or dyon states in the other. 

6.1.3. Black hole entropy 

The STU model admits extremal black hole solutions satisfying the Bogomol'nyi mass formula. As usual, 
their entropy is given by one quarter the area of the event horizon. However, to calculate this area requires 
evaluating the mass not with the asymptotic values of the moduli, but with their frozen values on the horizon 
which are fixed in terms of the charges |128j . This ensures that the entropy is moduli-independent, as it 
should be. The relevant calculation was carried out in [20] for the model with the STU prepotential. The 
electric and magnetic charges of that paper are denoted (p°, go), (p^, 9i), (p^, 92), (p^, 93) with 0(2, 2) scalar 
products 

p2 ^ (p0)2 ^ (pl)2 _ (p2)2 _ (p3)2^ 

= {qo? + {qi? - {q2? ~ {qsf , (6.19) 

p-q= {p°qo) + (p^qi) + {p^qi) + (p^qs)- 

These eight charges may be represented by the cube shown in [Figure 4[ This charge basis is related to the 




Figure 4: The vertices of the hypermatrix cube from [Figure T] are transformed under the dictionary | |6.20[ | to electric and 
magnetic charges of the STU black hole. The black hole entropy is related to the hyperdetermi nant of this h ypermatrix, and 
can also be computed from the three pairs of slicings of the cube along its symmetry planes (see |section 10. s] !. 

one above bjj^ 



^Notc that this is the convention of in [3] the sign of ao, a-j, 04, ay is flipped, which gives the same answer. 
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(6.20) 



(jp, , p'^ , , qo, qi, q2, gs) 
= (flo, — ai, —02, — a4, 07, flg, 05, 03), 
In these variables, the entropy is given by 

S = n^\D{p^,qA)\, (6.21) 

where 

Dip'', qA) = ~{p ■ qf + 4((pigi)(p2g2) + {p\^){p\:,) + (p3g3)(p2g2)) 



(6.22) 



The function D{p^, q^) is symmetric under transformations: <-> <-!■ p'^ and (71 92 93- 

7. STC/ BLACK HOLE/QUBIT CORRESPONDENCE 

7.1. Entropy/entanglement correspondence 

The black hole/qubit correspondence now comes about by identifying 3 the black hole charge hyper- 



matrix (6.20 1 with the three qubit hypermatrix (4.31). Then we recognise from (4.33a I that 



D{p^,qA) = - Beta, (7.1) 

and hence, as advertised in the Introduction, the STU black hole entropy and Alice-Bob-Charlie 3-tangle 
are related by 

S=^V^I^. (7.2) 

Thus Cayley's hyperdeterminant provides an interesting connection, at least at the level of mathematics, 
between string theory and quantum entanglement. Other mathematical similarities are provided by the 
division algebras |129j and by twistors |130j . What about physics? The near horizon geometry of the black 
holes is AdS2 x S*^ and one might expect a relation between the black hole entropy and the entanglement 
entropy of the conformal quantum mechanics that lives on the boundary [131 , although the nature of this 
particular AdS/CFT duality is not well-understood [132] . In any event, the 3-tangle is not the same as the 
entropy of entanglement [103 . So the appearance of the Cayley hyperdeterminant in these two different 
contexts of stringy black hole entropy and three-qubit quantum entanglement remains, for the moment, a 
purely mathematical coincidence. 

To illustrate more these coincidences we compare some examples of A/" = 2 black holes with examples of 
three-qubit states, following [4 . 

7.2. Rebits 

In the STU stringy black hole context (3] \W\ [201 H] the uabc are integers (corresponding to quantised 
charges) and hence the symmetry group is [SL{2,1i)]^ rather than [SL{2,(C)]^. However, as discussed by 
Levay [S], it is possible within quantum information theory to focus on real qubits, called rebits, for which the 
ciABC are real [1331 1134 . (One difference remains, however: one may normalise the wavefunction, whereas 
for black holes there is no such restriction on the charges uabc)- It turns out that there are three reality 
classes which can be characterised by the hyperdeterminant 

Deta<0, (7.3a) 
Deta = 0, (7.3b) 
DetoO. (7.3c) 



Case (7.3a) corresponds to the non-separable or GHZ class [116], for example. 



1^-) = i(-|000) + |011) + |101) + |110)). 
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(7.4) 



Case (7.3b I corresponds to the separable {A-B-C, A-BC, B-CA, C-AB) and W classes, for example 



I*) -75(1100) + 1010) + 1001)). 



(7.5) 



In the string/supergravity interpretation cases (7. Sal and ( 7.3b| we re shown to correspond to BPS 
black holes, for which half of the supersymmetry is preserved. Case (7.3a) has non-zero horizon area and 



entropy ("large" black holes), and case (7.3b I has vanishing horizon area and entropy ("small" black holes). 



at least at the semi-classical level. However, small black holes may acquire a non-zero entropy through 



higher order quantum effects. As discussed in section 7.4 this entropy also has a quantum information 
interpretation involving bipartite entanglement of the three qubits |4] . 

Case (7.3c) is also GHZ, for example the above GHZ state (7.4) with a sign flip 



The canonical GHZ state 



l^-) - i(|000) + |011) + |101) + |110)). 



|vI/) = -1^(1111) + 1000)) 



(7.6) 
(7.7) 



also belongs to case (7.3c I 



7.3. Classification of J\f ~ 2 black holes and three-qubit states 

A-B-C states and singly charged black holes: A black hole with just one charge, say go as in |Figure31 

has vanishing entropy and corresponds to a completely separable A-B-C state 



with 



I*) =9o|lll), 
Sa = Sb — Sc = 0, 

TABC = 0. 



(7.: 



(7.9) 



Figure 5: The hypermatrix cube of [Figure 4 is restricted to correspond to the state | |7.8| by retaining only a single nonzero 
entry at the go vertex, denoted by the red disc. The state is completely separable and accordingly, the entropy vanishes for 
this cube. 



Examples of singly charged supersymmetric black hole solutions [1^1 are provided by the electric 
Kaluza- Klein black hole with a = (1,0,0,0) and (3 = (0,0,0,0); the electric winding black hole with 
a — (0,0,0,-1) and (3 = (0,0,0,0); the magnetic Kaluza-Klein black hole with a = (0,0,0,0) and 
(i ~ (0,-1, 0, 0); the magnetic winding black hole with a — (0, 0, 0, 0) and /3 — (0, 0, —1,0). These are 
characterised by a scalar-Maxwell coupling parameter a = \/3. 

By combining these 1-particle states, we may build up 2-, 3- and 4-particle bound states at threshold 
|135l[roill36j . characterised by scalar-Maxwell coupling parameter a = 1,1 /-y/S and respectively. The 
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1-, 2- and 3-particle states all yield vanishing contributions to Deta. A non-zero value is obtained for 
the 4-particle example, however, which is just the Reissner-Nordstrom black hole, as explained below. 



One could also consider a black hole with two charges, say go and qi as in [Figure 6| having vanishing 
entropy and corresponding to another completely separable state 



l^-) = go|lll) + gi|110) 



(7.10) 



also satisfying (7.9 1. 



Figure 6: The hypermatrix cube of [Figure 4| is restricted to correspond to the state ( |7.10[ l by retaining nonzero entries at the 
go and qi vertices, denoted by the red discs. Despite having two nonzero vertices the cube's entropy vanishes since the state 
is again completely separable. 



A-BC states and doubly charged black holes: A black hole with just two charges, say qq and as in 

Figure 7") has vanishing entropy and corresponds to a bipartite entangled state 



with 



Sa^ SB=Mqop'f, 
Deta = 0. 



(7.11) 
(7.12) 





Figure 7: The hypermatrix cube of [Figure 4| is restricted to correspond to the state | |7.11| l by retaining nonzero entries at the 
go and vertices, denoted by the red discs. In this case the state is bi-separable, so the entropy vanishes once more. 



W states and triply charged black holes: A black hole with just three charges, say qo, and p^ as in 
[Figure 8) has vanishing entropy and corresponds to a W state 

=go|lll)-p'|001)-p2|oio), (7.13) 
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with 



Sc^^pYiiqor + ip'f), 

Beta = 0. 



(7.14) 




Figure 8: The hypermatrix cube of [Figure 4| is restricted to correspond to the state | |7.13[ l by retaining nonzero entries at the 
qo,P^ and vertices, denoted by the red discs. The entropy vanishes this time since the cube corresponds to a W state. 



GHZ and 4- cha rge BPS and non-BPS black holes: A black hole with just four charges, say qo, p^,p^ 
and as in Figure 9 has non-vanishing entropy and corresponds to a GHZ state 



with 



l^-) = gollll) -p'lOOl) -p2|oio) „p3|^oo^^ 

SA=mp'r+{qor){{p'r+{pY), 
SB^mp'r+iP^rnqof+ipY), 



sc^mpr+ip'mqof+ip'f), 

Beta = -Aqop^p'^p^. 

This is a large BPS black hole if Bet a < and a large non-BPS black hole if Bet a > 0. 



(7.15) 



(7.16) 




Figure 9: The hypermatrix cube of [Figure 4| is restricted to correspond to the state ( [7.15| by retaining nonzero entries at 
the qo,p^,p^ and vertices, denoted by the red discs. This is a GHZ state exhibiting genuine tripartite entanglement and 
accordingly the cube has nonzero entropy. While the previous cubes corresponded to small BPS black holes, this black hole is 
large and BPS/non-BPS for Deta < 0/Deta > 0. 
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GHZ and 2-charge non-BPS black holes: A black hole with just two charges Figure 10 say go and p° 
as in 



with 
and 



Figure 10 has non-vanishing entropy and corresponds to a GHZ state 

l^-) =.go|lll)+P°|000), 

Sa^Sb^Sc = 4{p°f{qof, 



Deta=(/)2(qo)2. 
Since Deta > 0, this describes a non-BPS large black hole [1371 1138] . 




(7.17) 
(7.18) 
(7.19) 



Figure 10: The hypermatrix cube of [Figure 4| is restricted to correspond to the state ( [7.17[ l by retaining nonzero entries at the 
go and vertices, denoted by the red discs. Despite having only two nonzero charges the cube has nonvanishing entropy since 
the state is GHZ. The corresponding black hole is large and always non-BPS. 



7.4- Higher order corrections 

The small black holes have a singular horizon with vanishing area and entropy at the classical level, but 
may acquire nonvanishing area and entropy due to quantum corrections, characterised by higher derivatives 
in the supergravity lagrangian. One can interpret this as consequence of the quantum stretching of the 
horizon conjectured by Susskind [139] and Sen [MOKIll]. See also [14^ [T43l [Mil [T45l [T46] 1147] . 

Kallosh and Linde |3] have noted that this quantum entropy also admits an interpretation in terms of 
qubit entanglement measures. They propose a general formula that correctly reduces to the known special 
cases. It is given by 

TT I 4c^ 8K^ 

Stotai = ,^]Jtabc + ^(C^^B + Cbc + Cca) + (7-20) 



where tabc is the 3-tangle (4.541, Cab is the concurrence ( 4.51[ ), \'9\is the norm and C2 and K are constants 



that depend upon the compactification. 

For completely separable states with only one nonzero charge, this reduces to 



S = K^j\^\ = nK^I\qo\. (7.21) 

For the bipartite and W-states at large values of the charges, the concurrences are much greater than l^fj 
and the formula reduces to 



Stotai = T^y {Cab + Cbc + Cca) (7.22) 
= ^ttVMp^+P^I (7.23) 
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Finally, for the GHZ states the (unnormahsed) 3-tangle is much greater than the concurrences and we regain 



S^^./^Ibc- (7.24) 

As with the lowest order black hole/qubit correspondence, there is as yet no underlying physical explanation 
for these mathematical coincidences at higher orders. 

7.5. Attractors and SLOCC 

The extremal black holes of [section 2. 4| occupy a special place in string theory. They have zero Hawking 
temperature and are therefore stable. In the string theory context the microscopic configurations of these 
black holes are explained by D-branes, fundamental strings and other solitonic objects of the theory [57] . 
The supergravity theories in different dimensions are obtained by compactifying the low energy effective 
action of string theory on compact manifolds such as a torus or Calabi-Yau. The bosonic field content of 
these theories consists of the graviton coupled to some gauge and scalar fields. The extremal black hole 
solutions of these supergravity theories are charged under the gauge fields of the theory. These solutions can 
be BPS or non-BPS according as they preserve some or none of the supersymmetries. In the following we 
restrict our discussion to static spherically symmetric and asymptotically flat charged extremal black holes. 

An interesting phenomenon for extremal black holes is the attractor behaviour. In general the entropy of 
the black hole can depend on the values of moduli or scalar fields but in the case of the extremal black holes 
these values are fixed on the horizon in terms of the charges, independent of their asymptotic values. In fact 
the scalar fields describe trajectories in radial coordinate which evolve into the fixed points on the horizon. 
This mechanism was first observed in A/" = 2 theory |128l 11481 1149] and then was extended to theories with 
a larger number of supersymmetries and also to higher dimensions and non-supersymmetric black holes. 

In order to explain the attractor mechanism and the idea of moduli fixing we recall some more facts on 



the STU model of section 6.1 This theory is explained in terms of the complex scalar fields S, T and U , a 
prepotential F which is written in terms of the scalar fields as F = STU and four gauge fields. 

Any extended supergravity theory {JV > 1) admits an operator called the central charge which commutes 
with the other symmetry generators of the theory. The central charge Z of the four-dimensional Af = 2 
theory coupled to ny vector multiplets can be written in terms of the electric and magnetic charges of the 
black hole from the (riy + 1) U{1) gauge fields of the theory [T28 ] [T50 ] ITST] 

Z{z,z,p,q)^e''^'-^^/\X'iz)qi-Fi{z)p'), / e {0, . . . , ny}, (7.25) 

where 

K = -lni(X^Fi-X'Fi), (7.26) 

is the Kahler potential and ^% i G {!,. . . ,nv}, are the scalar fields. For these theories one can introduce a 
symplectic section (X^Fj) which transforms under the symplectic symmetry group Sp{2nY + 2,Z) while 
keeping the action invariant. The X' represent the complex scalar fields and Fj are the derivatives of 
the prepotential F defined as Fj = dF/dX^ . The prepotential F is subject to two constraints: being 

holomorphic (independent of the complex conjugate scalars X^) and being homogeneous of degree two, 
F(AA^) = X^F{X'). In the case of the STU model we have 

z'=|^, X' = l, (7.27) 

where 

X^{z)^{l,S,T,U)'^ , Fj{z) = {-STU,TU,SU,ST)'^ . (7.28) 

Note that the index I £ {1, . . . , 4} is raised and lowered by the metric (+, +,—,—). The complex scalars 



S,T and U can be parameterised as in (6.11. Therefore using (7.271 the Kahler potential simplifies to 
e^^' = -8S2T2U2. 

In the Lagrangian of A/" = 2 supergravity the effective black hole potential is also given in terms of the 
central charge by 

Vbk ^ \Z{z,p,q)\^ + \D,Z{z,p,q)\^, (7.29) 
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where Di is the covariant derivative di + diK |149j . As can be seen from this formula the effective potential 
depends on the values of the scalar fields and varies as one moves along the radial coordinate. 

Let us now consider a supersymmetric extremal black hole solution of the above theory. The near horizon 
metric of the black hole takes the form 

ds^ = --^di- + \^dr^ + (7.30) 

l^lhor ' 

and the entropy of the black hole is given by 

SBH=^=n\Z\l,.- (7.31) 

The attractor mechanism which is responsible for fixing the moduli at the horizon will consequently fix 
the entropy [89 . The values of the moduli are given by the critical points of Vbh and hence the attractor 
equations are obtained by extremising the effective potential: 




where 



(7.32) 



(7.33) 



Note that for supersymmetric solution DiZ(z,p,q) — and the potential is just proportional to the central 
charge. Therefore the critical points of the potential coincide with the critical points of the central charge. 
The attractor points are the minima of the potential. 



For the BPS solution we have Mgpg 
mass formula (6.181, which simplifies to: 

1 



\Z\ , the critical points are hence obtained by extremising the 



Mips = 



190 



qiS + q2T + qsU + p^STU - p^TU - p^SU - p^ST\" 



(7.34) 



8S2T2U2 

Following [5], we now want to demonstrate the similarity between this process of moduli stabilisation 
and a quantum information process called a distillation protocol. In order to make this explicit we re-write 
the mass formula (6.18) using an SLOCC transformation on the familiar three qubit system of Alice, Bob 
and Charlie: 



M|ps 



where 
and where 



\^) = aABc\A) ® \B) ® \C), 



Ms' 



AlA 



s^s, 



As 



S2 

-Si 







and similarly Aij,^ = B^Bt, — CjjCu- In this equation p' is defined as 

p' = |(1 (g) 1 (g) 1 + (72 «) CT2 (g) 1 + 0-2 «) 1 «) 0-2 + 1 «) Cr2 (g) (12), 



(7.35) 
(7.36) 

(7.37) 
(7.38) 



where we use the notation (72 = —ie. In fact p' is an example of three-qubit mixed state. This relation can 
be simplified further by diagonalising it using the unitary matrix hi on each qubit as follows 



CT3 



Ua2U\ 



U 



1 

71 



1 

-1 



(7.39) 
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Therefore the new density matrix which is given by 

P^Uu®Ut® Usp'Ul® U^^ul^ idiag(l, 0,0, 0,0, 0,0,1) 

takes the form 

p = i(|000)(000| + |111>(111|). 
Using these unitary transformations we obtain a complex representation for Afgpg as follows 

^BPS = {'^\{Cu ® ® Al)p{Cu (E>Bt(E> As)\^), 
where Ag, Bx and Cu are now scaled SLOCC i.e. GL(2,C) transformations of the form 



1 



-S -1 
S 1 



with Bt and Cu defined similarly. If we define 

l^-') = {Cu Bt <E) As)\'f) 
the black hole potential can be written in a particularly concise form 

and the mass formula is simply given by 



A^|ps = Ml«oool' + |a'iiin- 



(7.40) 
(7.41) 

(7.42) 

(7.43) 

(7.44) 
(7.45) 
(7.46) 



The SLOCC transformations are in fact the transformations which map a general three qubit state to the 
canonical GHZ form. Comparing this formula with the result obtained in (7.341 one can verify that the 
components of ^ are those given in (6.201. In order to calculate the values of the scalar fields at the near 
horizon limit one can extremise the mass or central charge formula with respect to the complex scalar fields 
S, T and U. This results in the attractor equations (7.321 and the stabilised scalar values are |20J 



ap.q)-2p^q^)-l^\D\ 



93 



pOS - pi 



U = 



p'S - 92 
pOS - pi 



(7.47) 



where D is given by ( 6.22[ ). Now one can substitute these frozen or fixed values of the scalar fields in the 
equation for the transformed wavefunction (7.441 to get 



y^((/ -p°:s)|ooo) - (pi -p°^)|iii)) 



(7.48) 



which is of the form of a generalised GHZ state. The expression (7.48) can be multiplied by a phase without 
changing the mass; 



|i?|i/4(|000) + e''*|lll)) 



where 



S ~ TT + 2 arctan 



p^Si - pi ■ 



(7.49) 



(7.50) 



Interestingly, this result means that the process of finding the fixed values of the scalar fields at the horizon 
for BPS STU model black holes is equivalent to finding the canonical form of the corresponding three-qubit 
state using complex SLOCC transformations. In other words the process of finding the frozen values of 
the moduli is equivalent to the quantum information theoretic one of performing an optimal set of SLOCC 
transformations on the initial three-qubit state with integer amplitudes to arrive at a state of GHZ form [5] . 
It is important to notice that although the transformed states seem to be complex, one can find a basis in 
which they are real. 
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7.6. Bit flip errors and black holes 

We now turn our attention to BPS and non-BPS black holes and their relation to the suppression or 
non-suppression of bit flip errors, following We begin with some definitions. For a qubit system denoted 
by |0) and |1) the phase flip operator Z acts like the Pauli matrix as 



Z|0) = 



Z\l) = -\l) 



(7.51) 



This is one of the single qubit gates in quantum information theory which leaves the state |0) unchanged 
but flips the sign of |1). Another useful operator is X, which is the same as Pauli matrix ai and is used to 
represent bit flips. The action of this bit flip operator is 



X|0)^|1), 



X\l) = 



(7.52) 



In addition, we have the Hadamard gate which is one of the building blocks of quantum circuit theory and is 
especially useful in quantum error correction. Quantum error correction is used to protect the information 
from errors due to decoherence and other quantum noise over transmission lines. The Hadamard gate acts 
on the qubits as 



H\Q) 



1 

V2 



(|0) + |1)), 



ID 



H\l) 



Klo>-|i», 



(7.53) 



where |0) and |1) 
operator X with - 

by 



are the Hadamard transformed basis which are, in fact, the eigenvectors of the bit flip 
-1 and —1 eigenvalues, respectively. The matrix representation of the operator H is given 



H 



(7.54) 



For the three-qubit system the Hadamard transformations are given by an 8 x 8 matrix defined as H 
H ^ H (S) H. These transformations are 



«i3 _ 



1 



(I 


1 


1 


1 


1 


1 


1 


1\ 


1 


-1 


1 


-1 


1—' 


-1 


1 


-1 


1 


1 


-1 


-1 


1—' 


1 


-1 


-1 


1 


-1 


-1 


1 


1 


-1 


-1 


1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


1 


-1 


1 


-1 


-1 


1 


-1 


1 


1 


1 


-1 


-1 


-1 


-1 


1 


1 


V 


-1 


-1 


1 


-1 


1 


1 


-V 



(7.55) 



For example the state |110) in Hadamard transformed basis reads 

ITTO) = ^ (|000) + |001) - |010) - |011) - |100) - |101) + |110) + |111)) , 



(7.56) 



coming from the sign combination of the sixth row. 

Returning now to the BPS and non-BPS black hole solutions, we saw that one can introduce a new 



wavefunction \^') given by (7.441 that for the fixed values of the scalar fields at the horizon takes the form 
of a generalised GHZ state (7.49). In general, the coefficients of the state Y^') before stabilising the value of 
the scalar fields at the horizon are 



^000 



= -e'^''^W{U,T,S), 



-'oil 



i[,,^e'"^W{U,T, S), 
W{U,T,S), a[,oi = e^/2iy(C7,T,5), 



(7.57) 
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where we have defined the central charge of (7.251 as Z = e^/^W{S,T, U) , and used the definition (7.441. 
Here the function W is the superpotential. Using the above relations one can easily see that the wavefunction 
coefficients satisfy these properties 

'^000 = ^'^'iiii '^110 — ^'^001' ^101 — ""^010' ^011 = ~^'ioo- (7.58) 

To see the relation between quantum error correction and black holes we use the definition of the covariant 
derivative of the superpotential. This is given by DaW = daW + {daK)W where a represents the scalar 
fields S, T and U . Using this definition one can see that for example 

DsW{U,T,S) = ^^^^^. (7.59) 

Therefore if we define the vielbeins ej? as 

e| = i(5-^) = -252, el = i{T-T) = -2T2, = i{U -U) ^ ~2U2, (7.60) 

we see that the covariant derivatives of the wavefunction coefficients reduce to 



[/"111 ~ '"Olli 



(7.61) 



where we have used Da — s'iDa- Note that one can define the combination {Da — D£)/i which acts on the 
state 1^'') as 

\{Dg~D^)\^')^{t(it,t(it,X)\^'), etc, (7.62) 

where the operator \ ® X represents a bit flip error ( |7.52 1 on the third qubit. Therefore the derivatives 
of the central charge, which play a key role in the BPS conditions for the black holes, correspond to the 
bit flip errors in quantum information theory. We shall now see this more explicitly for BPS and non-BPS 
black hole solutions. 

For the BPS extremal black hole solution, the covariant derivatives of the central charge are zero {DaZ — 
0) and this guarantees the result (7.491, in which all the wavefunction coefficients are zero at the horizon 
except vp'ooo and Consider the case in which the charges go, P^, and are zero, for which ( |7.49[ ) 

rcducGS to 

- lV2{-p\^q2q^Y'^ (1000) + |111)) , (7.63) 



which is explicitly the unnormalised canonical GHZ state. Using DaZ — and (7.621, we conclude that for 
the BPS case the GHZ state at the horizon d^*')) is protected from bit flip errors. This means that the 
operators \ ® t ® X , \ ® X ® \ and X ®\ ®t cannot change the BPS state \^') at the horizon. In fact 
the BPS conditions precisely suppress the bit flip errors for the three qubit state at the horizon. 
The state |^') can also be written in Hadamard transformed basis as 

1^-') = i{-p\iq2q3f'Wm) + |0n) + |T0T) + |TTO)). (7.64) 

Acting on it with the bit flip operator (here on the third qubit) gives 

{t®t® X)\^') ^ ^( Vgi'72g3)'/^(|000) - |0n) - |TOT) + |nO)), (7.65) 

telling us that bit flip errors in the normal basis correspond to phase flip errors in the Hadamard basis |S] . 

The situation changes for non-BPS extremal black holes; the fixed values of the moduli at the horizon 
are given by |152l 1153] 



S = ±^,r-^, T^±d'^. U^±^J'^, (7.66) 

p^qi V P 92 y p"q3 
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where in this case we have p'^ (71 9293 > 0. The sign combinations which do not violate the positivity of the 
Kahler potential are 

{(-, (-, +, +), (+, +), (+, +, -)}• (7.67) 

For example if we let the S, T and U scalars be negative and the charges be all positive (which is consistent 
with the positivity of their multiplication), the state can be written as 

I*')—- - ^(Aig2'73)'/^(|000) ~ |001) - |010) - |011) - |100) - |101) - |110) + |111)). (7.68) 

This state can be written in the Hadamard transformed basis as 

I*')— = -^{p\iq2q3f'\\m) - |0n) - |T0T) - |TTO)). (7.69) 



Comparing this equation with (7.641, the BPS state in Hadamard transformed basis, one can see that (in 
addition to the sign difference of p" (7192 93) the BPS and non-BPS states may be distinguished by a nontrivial 
relative phase between the Hadamard basis vectors. In general, for all sign combinations of the S, T and U 
scalars, the state at the horizon takes the form 

|*')7/3a = -i{p\iq2q3f'^{Wi) + 7|0n) + /3|T0T) + a|TTO)} , (7.70) 



where a,/3 and 7 are the combinations in (7.67). In the non-BPS case the action of the bit flip errors on 
the states at the horizon is 

{t®t®X)\^')___ = \^')^^_, (1(»1(^X)|*V++ = 1*')+-+, etc. (7.71) 

The bit flip operators \ ® X , \ ® X ® \ and X transform the states with different combinations 

of sign into each other. The rule for this transformation is that those labels which are in the same slot as the 
bit flip operator X are not changed while the remaining ones are flipped. In contrast to the BPS case, the 
bit flip errors transform one non-BPS solution another [S] and the quantum state corresponding to non-BPS 
extremal black hole is not protected. 

We note that non-BPS state at the horizon ( 7.68[ ) is an example of a graph-state, which is particularly 
important for quantum computation |9]. 
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8. A/" = 8 BLACK HOLE/QUBIT CORRESPONDENCE 



8.1. The J\f ~ S generalisation 

The black holes described by Cayley's hyperdeterminant are those oi J\f — 2 supergravity coupled to 
three vector multiplets, where the symmetry is [5L(2,Z)]'^. One might therefore ask whether the black 
hole/information theory correspondence could be generalised. There are three generalisations we might 
consider: 



1, 



N — 2 supergravity coupled to Z + 1 vector multiplets where the symmetry is SL{2, Z) x SO{l, 2, Z) 
and the black holes carry charges belonging to the (2, / + 2) representation {1 + 2 electric plus / + 2 
magnetic). 

J\f = 4 supergravity coupled to m vector multiplets where the symmetry is SL{2, Z) x 5*0(6, m, Z) 
where the black holes carry charges belonging to the (2, 6 + to) representation (to + 6 electric plus m + 6 
magnetic) . 

M — 8 supergravity where the symmetry is the non-compact exceptional group £'7(7) (Z) and the black 
holes carry charges belonging to the fundamental 56-dimensional representation (28 electric plus 28 



magnetic). See Table 5 



In all three cases there exist quartic invariants akin to Cayley's hyperdeterminant whose square root 
yields the corresponding black hole entropy. 

Let us first focus on J\f — 8, where the entropy is given by 



where I4 is Cartan's quartic ^^7(7) invariant given by 



Ii = - tiixyf + \ (tr xyf -A (Pf x + Viy). 



(8.1) 



(8.2) 



where x^'^ and yu are 8x8 antisymmetric matrices and Pf is the Pfaffian. An alternative expression has 
been provided by Cremmer and Julia |62j 



Here 
and 



h ^ ir{ZZf - \ (tr ZZf + 4 (Pf Z + Pf Z) 



)AB, 



x" + iyij 



IJ- 



(8.3) 
(8.4) 
(8.5) 



The matrices of the 50(8) algebra are (7^'^)ab where {I, J) are the 8 vector indices and {A,B) are the 8 
spinor indices. The (7^'^)ab matrices can be considered also as {j^^)ij matrices due to equivalence of the 
vector and spinor representations of the 50(8) Lie algebra. The exact relation between the Cartan invariant 
.21 and Cremmer- Julia invariant [62 in (8.3 1 was established in |154II155 ] . The qua rtic invariant I4 of 



section 10 



i?7(7) is also related to the octonionic Jordan algebra ^30J as described in 

In the stringy black hole context, Zab is the central charge matrix and (x, y) are the quantised charges 
of the black hole (28 electric and 28 magnetic) . The relation between the entropy of stringy black holes and 
the Cartan-Cremmer-Julia £'7(7) invariant was established in |156| . The central charge matrix Zab can be 
brought to the canonical basis for the skew-symmetric matrix using an SU(8) transformation: 



Zab — 



fzi 0\ 

Z2 

Z3 

\0 24/ 



1 

-1 



(8.6) 



where Zi — piC^"^^ are complex. In this way the number of entries is reduced from 56 to 8. In a systematic 



treatment in [157] . the meaning of these parameters was clarified. 
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From 4 complex values of Zj 



one can remove 3 phases by an SU{8) rotation, but the overall phase cannot be removed; it is related to an 
extra parameter in the class of black hole solutions |158l 1159] , In this basis, the quartic invariant takes the 
form |156j 

i i<j 

= {Pl + P2 + P3 + Pi) 

X {pi +P2- P3- Pi) (8.7) 

X {pi - P2 + P3~ Pi) 

X {Pl - P2 - P3 + Pi) 

+ 8p\P2PzPi (C0S(^ - 1) . 

Therefore a 5-parameter solution is called a generating solution for other black holes in A/" 8 supergravity/M- 
theory pmiTCT] . 

8.2. E-! and the tripartite entanglement oj seven quhits 

We have seen that in the case of three qubits, the tripartite entanglement is described by [SL{2, G)]^ 
and that the entanglement measure is given by Cayley's hyperdeterminant. If there is to be a quantum 
information theoretic interpretation in the J\f ^ 8 case, however, it cannot just be random entanglement 
of more qubits, because the general n qubit entanglement is described by the group [5^(2, C)]", which, 
even after replacing Z by C, differs from the M = 8 (and also from the A/" = 4 and N = 2 symmetries 
mentioned above, except when n — 3, which correspond to case (1) with I = 2, the case we already know. ) 
We note, however, that 

i?7(7)(Z)3[^i(2,Z)]^ (8.8) 

and 

Ej{€)D[SL{2,G)]\ (8.9) 

We shall now show that the corresponding system in quantum information theory is that of seven qubits 
(Alice, Bob, Charlie, Daisy, Emma, Fred and George). However, the larger symmetry requires that they 
undergo at most tripartite entanglement of a very specific kind. The entanglement measure will be given by 
the quartic Cartan Er{G) invariant [50] . 

The crucial ingredient is the observation that E^ contains 7 copies of the single qubit SLOCC group 
SL{2) and that the 56 decomposes in a very particular way. We begin by considering the maximal subgroup 
SL{2)a X 5'0(6,6), 

D 5L(2)^ X 50(6,6), 
56 ^ (2,12) + (1,32). ^^■^^> 



Further decomposing 5*0(6,6) in ( |8.10 1 



^L(2)^ X ^0(6,6) D SL{2)a X SL{2)b x SL{2)d x 50(4,4), 

(2,12) + (1,32) (2,1,1, 8v) + (1,2,1,8,) + (1,1,2,8c) + (2,2,2,1). ^' ' 



Further decomposing 5*0(4,4), 



SL{2)a X SL{2)b X SL{2)d x 50(4,4) 
D SL{2)a X SL{2)b X SL{2)d x 5*0(2,2) x 50(2,2) 

(2,2,2,l) + (2,l,l,8v) + (l,2,l,8,) + (l,l,2,8e) (8.12) 
^ (2,2, 2, 1,1) + (2, 1,1, 4,1) + (2, 1,1, 1,4) 
(1,2, 1,2, 2) + (1,2, 1,2, 2) + (1,1, 2, 2, 2) + (1,1, 2, 2,2). 
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Finally, further decomposing each S'0(2, 2) 



SL{2)a X SL{2)b X SL{2)d x 50(2,2) x S'0(2,2) 
D SL(2)a X S'L(2)s X SL{2)d x 5i(2)c x 5L(2)g x SL{2)f x S'L(2)£; 
(2,2,2,1,1) + (2,1,1,4,1) + (2,1,1,1,4) 
+ (1,2, 1,2, 2) + (1,2, 1,2, 2) + (1,1, 2, 2, 2) + (1,1, 2, 2,2) 
-> (2,2, 2, 1,1, 1,1) + (2, 1,1, 2, 2, 1,1) + (2, 1,1, 1,1, 2,2) 
(1,2, 1,2, 1,1, 2) + (1,2, 1,1, 2, 2,1) + (1,1, 2, 2, 1,2,1) + (1,1, 2, 1,2, 1,2). 



(8.13) 



In summary. 



£^7(7) D SL{2)a X SL{2)b X S'L(2)c7 x SL{2)d x S'L(2)£; x SL{2)f x S'L(2)g, (8.14) 
and the 56 decomposes as 

56^ (2,2,1,2,1,1,1) 
+ (1,2,2,1,2,1,1) 
+ (1,1,2,2,1,2,1) 

+ (1,1,1,2,2,1,2) (8.15) 
+ (2,1,1,1,2,2,1) 
+ (1,2,1,1,1,2,2) 
+ (2,1,2,1,1,1,2). 

E7{C)d[SL{2,C)]'^. (8.16) 



An analogous decomposition holds for 



Notice that we find seven copies of the (2,2,2) appearing in the STU model. This translates into seven 
copies of the three qubit Hilbert space: 

|*)56= aABolABD) 

+ hBCE\BCE) 

+ ccdf\CDF) 

\DEG) (8.17) 
+ eEFA\EFA) 
+ fpGBlFGB) 
+ goAclGAC). 

Note that: 

1. Any pair of states has an individual in common 

2. Each individual is excluded from four out of the seven states 

3. Two given individuals are excluded from two out of the seven states 

4. Three given individuals are never excluded 

So we have seven qubits (Alice, Bob, Charlie, Daisy, Emma, Fred and George) but where Alice has tripartite 
entanglement not only with Bob/Dave but also with Emma/Fred and also Charlie/ George, and similarly 
for the other six individuals. So, in fact, each person has tripartite entanglement with each of the remaining 
three couples. However, as discussed in [section 8.8 this 56-dimensional space is not a subspace of the seven 
qubit Hilbert space (2,2,2,2,2,2,2). 

The entanglement may be represented by a heptagon as in |Figure ll| with seven vertices A, B, C, D, E, F, G, 
and seven triangles 

ABD, BCE, CDF, DEG, EE A, FGB, GAG. 
56 



Figure 11: The E7 entanglement diagram corresponding to the decomposition | |8.15| and the state ( |8.17[ l. Each of the 
seven vertices A, B, C, D, E, F, G represents a qubit and each of t he seven triangles ABD, BCE, CDF, DEC, EFA, FGB, GAC 
describes a tripartite entanglement. As discussed in |scction 8.3| the oriented triangles correspond to quaternionic cycles in the 
multiplication table of imaginary octonions. 



Each of the seven states transforms as a (2,2,2) under three of the 5*^(2) 's and are singlets under the 
remaining four. Note that from (8.11) we see that the A-B-C triahty of [section 4.3.2 is hnked with the 



8v-8s-8c triahty of the 5*0(4,4) subgroup. Individually, therefore, the tripartite entanglement of each of the 



seven states is given by Cayley's hyperdeterminant. Taken together however, we see from (8.151 that they 
transform as a complex 56 of EiiG). Their tripartite entanglement must be given by an expression that is 
quartic in the coefficients a,b,c,d,e, f,g and invariant under E^^C). The unique possibility is the Cartan 
invariant I4, and so the 3-tangle is given by 

t{ABCDEFG) = A\h\. (8.18) 



If the wave- function (8.171 is normalised, then < t{ABCDEFG) < 1. 



8.3. Octonions and the Fano plane 

An alternative and very useful picture of the state \^>) is provided by the Fano plane, as shown in 



Figure 12 The Fano plane corresponds to the multiplication table of the imaginary octonions, which we 
now briefly discuss. 

The algebra of octonions (D (with product denoted by juxtaposition) possesses numerous interesting 
properties, some of which are notable absences of familiar properties. The reader is referred to jl63j for 
extensive details including historical notes. Some interesting physical applications may be found in |164l 
I65l [T661 [T671 [T68l [T69l [TTOI ITTTI [T72l [173] . We note that the octonions also make their appearance in a QI 
context in |174l I175j . but their work seems unrelated to ours. 

Typical octonions a, 6, c e (D are: 

• 8-tuples of real numbers: a,b,c £ so that they form an 8-dimensional vector space, with basis 
elements eo, . . . , 67. 

• non-real: a a* , like the complexes. The conjugate •* : O ^ O trivially extends the conjugate for 
R, C, and H so that basis element is mapped to rjf^^e^ (with ?/ = diag(l, — 17)). Under the famihar 
partition = (0,i), scalar multiples of eo are real octonions, and scalar multiples of are imaginary 
octonions. 
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• non-commutative: ab ^ ba, like the quaternions. 

• non- associative: a{bc) ^ (ab)c, a new property not present in R, C, or H. 

• alternative - meaning that the subalgebra generated by any two elements is associative, or equiv- 
alently, the associator [•,»,•] : O'^ ^ O, (a, 6, c) i-^ a{bc) — {ab)c is alternating: [01,02,03] — 
(-)''K(i),a7r(2),a7r(3)] with TT e 53. 

• a division algebra, so that when a product of octonions is zero one of the multiplied octonions must 
have been zero: a5 = 0=>a = 0A& = 0. They share this property with R, C, H, and no other 
algebras. 

• normed: \ab\ — \a\\b\, which implies the division algebra property. Like the conjugate, the norm 
I • I : O ^ R is also a trivial extension of the norm for the other division algebras: a 1—+ a* a. 

Clearly the octonions are closely related to the other division algebras, and indeed octonionic multiplication 
can be defined in terms of multiplication in these algebras, just as H can be defined in terms of C, which can 
in turn be defined through R. In this context it is instructive to classify R, C, H, and O as ^-algebras. Such 
algebras are characterised by the possession of a real-linear conjugation map that is involutive ((a*)* = a) 
and an anti-automorphism {{ab)* = b*a*). 

If we denote the imaginary octonions by where i — 1,2,3,4,5,6,7, the structure constants Cijk are 
defined by 

eiCj = -5ij + Cijkdk- (8.19) 
We now establish some useful identities. First 

CprnkCqkn ~t- CqmkCpkn — ^pm^qn ~t- ^pn^qm '^^pq^mn- (8.20) 

Following [176] we define the "Jacobian" Cijki 

[ei, [ej,ek]] + [e^, [ei^ej]] + [e-,-, [ek,ei]] 

^{CjkniCinm Cijm^kmn ^" Ckim^ j'm,n)^n (^■^-^) 
= "iCijkl&l , 



where Cijki satisfies 
and 



Cijkl — Q^ijklnijipCmnp: (8.22) 



Cijkl — —CrnijCmkl ~ ^il^jk + ^ik^jl- (8.23) 



That the Fano plane corresponds to the multiplication table of the imaginary octonions may be seen in 
[Table 9[ The Fano plane multiplication, may be represented numerically as an 8 x 8 array as in [Table 23[ 





A 


B 


C 


D 


E 


F 


G 


A 




D 


G 


-B 


F 


-E 


-C 


B 


-D 




E 


A 


-C 


G 


~F 


C 


-G 


-E 




F 


B 


-D 


A 


D 


B 


-A 


-F 




G 


C 


-E 


E 


-F 


C 


-B 


-G 




A 


D 


F 


E 


-G 


D 


-G 


-A 




B 


G 


C 


F 


-A 


E 


-D 


-B 





Table 9: Following the oriented lines of [Figure 12| allows one to construct the Fano multiplication table, by identifying the 
qubits with the imaginary basis octonions. The minus signs arise when the Fano lines are followed counter to their orientation. 
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Figure 12: The Fano plane is a projective plane with seven points and seven lines (the circle counts as a line). We may associate 
it to the state ( |8.17[ l by interpreting the points as the seven qubits A-G and the lines as the seven tripartite entanglements. 
This is consistent as there are three points on every line and three lines through every point. If the plane is oriented like ours, 
one may use the directed lines to read off the multiplication table of imaginary octonions ( [Table 9"| l. 



i 


3 


k 


I 


m 


n 


o 


1 


2 


4 


3 


5 


6 


7 


2 


3 


5 


4 


6 


7 


1 


3 


4 


6 


5 


7 


1 


2 


4 


5 


7 


6 


1 


2 


3 


5 


6 


1 


7 


2 


3 


4 


6 


7 


2 


1 


3 


4 


5 


7 


1 


3 


2 


4 


5 


6 



Table 10: From [T"able 9| one can read off which components of the Fano structure constants C^jfe are nonzero, 
then obtains the associator coefficients Cimno- 



Using 18. 221 one 



The non-vanishing independent components of the octonionic structure constants Cijk and their duals Cimno 
are then given in [Table 10[ 

Note that in the Fano plane there are seven lines a, 6, c, d, e, /, g, and seven vertices A, B, C, D, E, F, G. 
Each line passes through three vertices, and three lines meet at a vertex. This means one can define a 
dual Fano Plane with lines A, B, C, D, E, F, G, and vertices a, b, c, d, e, /, g. See [Figure 13\ A nother way to 
understand the appearance of the dual Fano plane is to recognise the seven rows in (8.151 as the lines of 



the Fano plane and the seven columns as vertices as in [Table ll| The dual Fano plane corresponds to the 
transpose of this matrix and leads to a dual state 



1^)56= Aaeg\aeg) 
+ Bbfa\bfa) 
+ Gcgb\cgb) 
+ Ddac\dac) 
+ Eebd\ebd) 

+ Ggdf\gdf). 



.24) 



The dual Fano plane corresponds to the multiplication table of the imaginary octonions given in Table 12 
and may be represented numerically as an 8 x 8 array as in [Table 24] The non- vanishing independent 
components of the octonionic structure constants Cijk and their duals cimno are then given by Table 13 
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Figure 13: Like the Fano plane of Figure 12] the dual Fano plane has seven points and seven lines, but this time the plane 
is associated with the dual state | 8.24[ l interpreting the points as the seven tripartite entanglements and the lines as the 
seven qubits. The construction of the dual plane is expedited by [Table iT] The orientation of our plane provides another 
multiplication table for imaginary octonions ( [Table l"2| |. 





A 
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D 
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F 
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a 
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1 


1 


b 
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2 


2 


1 


2 


1 


1 


c 


1 


1 


2 


2 


1 


2 


1 


d 


1 


1 


1 


2 


2 


1 


2 


e 


2 


1 


1 


1 


2 


2 


1 


f 


1 


2 


1 


1 


1 


2 


2 


9 


2 


1 


2 


1 


1 


1 


2 



Table 11: The seven terms in decomposition l |8.15| l may be wrritten in a grid such that Fano lines and vertices are rows and 
columns. This permits easy identification of the dual lines and vertices, which are simply given by columns and rows. 



15 1, Cartan's invariant contains 



8.4- Decomposition of I4 

To understand better the entanglement we note that, as a result of 
not one Cayley hyperdeterminant but seven. It may be written as the sum of seven terms each of which is 
invariant under [5^(2)]^ plus cross terms. To see this, denote a 2 in one of the seven entries in 
A, B, C, D, E, F, G. So we may rewrite (|8.15|) as 



15) by 



or symbolically 



56 = [ABD) + [BCE) + [CDF) + {DEG) + (EFA) + (FGB) + (GAG), 



56^a + b + c+d + e + f + g. 



.25) 



.26) 



60 
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f 
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c 
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b 
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—c 
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-b 


f 


—a 


~d 





Table 12: In direct analogy witli |Figure 12| and |Table 9| the oriented dual Fano plane of |Figure 13| is used to write an octonionic 
multiplication table. 
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Tabic 13: Dual Fano structure constants c^^^ and ci^^o ^re obtained from [Table 12| in the same manner that [Table 10| IS 
obtained from lTable 91 



Then I4 is the singlet in 56 x 56 x 56 x 56: 



where products like 



h = a'' + b* + cU 


-d^ + e^ 






a^b"^ + a^c^ + a^d^ 


+ a^e^ H 


- a'/' + 




+ fe2c2 + 52^2 


+ fe2e2 H 


- h^P + 


b'9' 


+ c2d2 


+ c^e^ H 


- c'P + 


c'g^ 




+ d2e2 H 


- d'f + 


d^g^ 




H 


- e'P + 


e^g^ 






+ 


P9' 



+ 8 [abce + bcdf + cdeg + defa + efgb + fgac + gabd] 
= {ABD){ABD){ABD){ABD) 

X a'AiBiDiO'A2B2D20'A'iB3D30'AiBiDii 

exclude four individuals (here Charlie, Emma, Fred, and George), products like 

a^b^ = {ABD){ABD){BCE){BCE) 

_ l^AiA2^BiB3^DiD2^B2Bi^C3Ci^E3Ei 

X aAiSiZ5iaA2B2£'2&S3C3S3^S4C4-E4J 



(8.27) 



(8.28) 



(8.29) 
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exclude two individuals (here Fred and George), and products like 



abce = {ABD){BCE){CDF){EFA) 

X aAiBiDibB2C2E2CC3D3F3GEiF4.A 



(8.30) 



exclude one individual (here George). These results may be verified using the dictionary between a, 5, c, d, e, /, g 
and the x and y discussed in the next section. Note that is just minus Cayley's hyperdeterminant. 

8.5. Subsectors 





a 


e 


9 


a 




a 


— e 


e 


-9 


a 




9 


e 


—a 





Table 14: The aeg quaternionic multiplication table is obtained by selecting the aeg quaternionic cycle from |Table 12[ 

Having understood the analogy between J\f = 8 black holes and the tripartite entanglement of seven 
qubits using Ej(^tj, we may now find the analogy in the M — A case using SL{2) x 5*0(6, 6) and the Af — 2 
case using SL{2) x 5(9(2, 2). 

First we recall the decomposition (8.10 1 of the fundamental 56-dimensional representation of £^7(7) under 



its maximal subgroup. The Af = 4 subsector consists of just the 24 states belonging to the (2, 12) 

1^-) = aABolABD) + cefaIEFA) + gaAclGAC). (8.31) 
So only Alice talks to all the others. This is described by just those three lines passing through A in the 



Fano plane or the aeg line in the dual Fano plane. Then the equation analogous to (8.251 is 

(2, 12) = (ABD) + {EE A) + (GAC) ^a + e + g, (8.32) 
and the corresponding quartic invariant, I4, reduces to the singlet in (2, 12) x (2, 12) x (2, 12) x (2, 12) 

/4 ~ + + / + 2[e'^g^ + g^a^ + a^e% (8.33) 
If we identify the 24 numbers {aABD, &efa, goAc) with {P^ , Qu) with /Lt, = 0, . . . , 11 in a way analogous 



to ( |4.38| this becomes the SL{2) x 50(6,6) invariant [T9l [T58l [159] 

h = -P'O' - {P ■ Qf. 



So 



.34) 
.35) 



This reduction from Af = 8 to Af — 4, corresponds to a reduction from the imaginary octonions of Table 12 



to the imaginary quaternions of Table 14 This suggest that I4 of (8.341 may be written as Cayley's 
hyperdeterminant over the imaginary quaternions, and this is indeed the case, as shown in [section 11. 2[ 
From a stringy point of view, this subsector describes just the NS-NS charges. 



A different subsector which excludes Alice is obtained by keeping just the (1,32) in (8.10), This is 
described by just those four lines not passing through A in the Fano plane or the bcdf quadrangle in the 
dual Fano plane. From a stringy point of view, this subsector describes just the R-R charges. 



(1, 32) = (BCE) + (CDF) + (DEG) + [FOB) ^b + c + d+f, 
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and the corresponding quartic invariant, I4, reduces to the singlet in (1,32) x (1,32) x (1,32) x (1,32) 

l4-^b^ + c^ + d^ + f + 2[b^c^ + c^d^ + d^e^ + d^ f + f + fh^] + 86cd/. (8.37) 

This is does not correspond to any M = A black hole but rather to an A/" = 8 black hole with only the R-R 
charges switched on. 

For A/" = 2, as may be seen from (8.11 1, we only have the [S'i(2)]'^ subgroup of the STU model where 
there are only 8 states 

\^)=aABD\ABD). (8.38) 

This is described by just the ABD line in the Fano plane or the a vertex in the dual Fano plane. This is 
simply the usual tripartite entanglement, for which 

(2,2,2) = (^BL>) = a, (8.39) 

and the corresponding quartic invariant 

h ~ a^ (8.40) 

is just Cayley's hyperdeterminant 

/4 = -Deta. (8.41) 

8.6. Ej as an (D-graded algebra 

As we have seen, the seven qubit interpretation relies on the decomposition of the 56 under -£7(7) D 
[SL{2)Y and the Fano plane [SJEj- Independently, similar observations were being made in pure mathematics, 
namely the remarkable fact that has a natural structure of an O-graded algebra, compatible with its 
action on the minimal 56-dimensional representation HH] ■ 

Consider the points 

{1,2,3,4,5,6,7}, (8.42) 

and lines 

/ e {124, 235, 346, 457, 561, 672, 713} (8.43) 

of the Fano plane and attach to each line a two-dimensional vector space Ai. Then we may describe the 
algebra of E^ and the 56 as 

e7 = X, 5l{Ai)eo ® ©i<,<7 Ai] e„ 

Alternatively, consider the complementary quadrangles of the Fano plane 

/ e {3457, 4561, 5672, 6713, 7124, 1235, 2346}, (8.45) 

then 

= xJ^iS[(A,) © A,(S Aj Ak(S Ai. (8.46) 

The same formulae hold good if we go to the dual Fano plane by swapping the roles of points and lines. 

Note that there is a quaternionic analogue of this construction where, instead of the Fano plane, we 
consider just three of its lines. This describes the A/" = 4 subsector discussed above. 



We shall return to (8.461 in section 10.2.1 



In fact, a similar construction applies to the algebra of Eg 



t8 = xLo5KA^)® A,(E)Aj^Ak(^Ai, (8.47) 
{ijki)ei 
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where / now runs over the 14 quadruples 

/ e {3457, 4561, 5672, 6713, 7124, 1235, 2346, 0124, 0235, 0346, 0457, 0561, 0672, 0713}, (8.48) 



or their duals appearing in Table 22 

There is a difference, however, since the fundamental 248 of Eg, is also the adjoint. So the 224-dimensional 
Hilbert space describing the 4-way entanglement of 8-qubits does not transform as a linear representation of 
i?8 but rather as a nonlinear realisation, namely as the coset Eg,/[SL{2)]^ . Lacking at the moment a good 
application of this coset construction within quantum information theory, we relegate it to Appendix B. 

8.7. Classification of J\f ^ S black holes and seven-qubit states 

In the TV = 8 theory, "large" and "small" black holes are classified by the sign of J4: 



/4 >0, 
/4-O, 

h < 0. 



(8.49a) 
(8.49b) 
(8.49c) 



Once again, non-zero I4 corresponds to large black holes, which are BPS for I4 > and non-BPS for I4 < 0, 
and vanishing I4 corresponds to small black holes. However, in contrast to A/" = 2, case (8.49a) requires that 
only 1/8 of the supersymmetry is preserved, while we may have 1/8, 1/4 or 1/2 for case (8.49b I. 

The large black hole solutions can be found |177j by solving the J\f = 8 classical attractor equations |128j 
when at the attractor value the Zab matrix, in normal form, becomes 



Zai 



for positive I4 and 



(Ze 






































7 


Vo 








0^ 






(e 










"\z\ 





e 
















e 


















(8.50) 



.51) 



for negative I^. These matrices exhibit the maximal compact symmetries SU{Q) x SU{2) and USp{8) for 
the positive and negative I4, respectively. 



If the phase in (8.7 1 vanishes (which is the case if the configuration preserves at least 1/4 supersymmetry 
[TFf] '!. h of (lO becomes 



where Si are given by the pi of (8.7 1 



i4 = S1S2S3S4, 

si = pi+ P2 + P3 + Pi, 

52 = Pi + P2 - P3 - Pi, 

53 = Pi - P2 + /O3 - Pi, 
Si = Pi - P2 - P3 + Pi, 



.52) 



(8.53) 



and we order the Si so that si > S2 > S3 > |s4|- The charge orbits [30 | I157|, 1178] for the black holes depend 
on the number of unbroken supersymmetries or the number of vanishing eigenvalues as in [Table 16] 

For Af — 8, as for A/" = 2, the large black holes correspond to the two classes of GHZ- type (entangled) 
states and small black holes to the separable or W class. As we shall describe in section 10.2.2[ one way 
of obtaining such states is to go the canonical basis (10.191 where the Cartan invariant reduces to Cayley's 
hyperdeterminant. Then the A-B-C, A-BC, W and GHZ states are just those of the STU model whose 
black hole interpretation was given already in [section 7.3[ The result is shown in [Table 16[ Note, however, 
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Orbit si S2 S3 S4 h Black hole SUSY 



[S'L(2)]3/([5'0(1, 1)]^ X 1^3) > small 1/2 

[S'L(2)]3/(0(2,1) X R) >0 > small 1/2 

[SL(2)]^/R^ >0 >0 >0 small 1/2 

[SL(2)]^/[U{1)]^ >0 >0 >0 >0 >0 large 1/2 

[S'L(2)]3/[C/(1)]^ >0 >0 >0 <0 <0 large (Z = 0) 

[SL(2)]^/[SOil,l)]^ >0 >0 >0 <0 <0 large (Z =^ 0) 



Table 15: Classification of D = 4,, M = 2 STU black holes, see |section 6.1| The values of I4, and the eigenvalues Si distinguish 
the different charge orbits. Here, small black holes have a vanishing horizon. 



Orbit Si S2 S3 S4 /4 Black hole SUSY 



E7{7)/{Eq(6) k R27) > small 1/2 

£^7(7)/(0(5,6) K IR,32 X R) >0 > small 1/4 

E7(7)/{F^i) K R26) >0 >0 >0 small 1/8 

E7(7)/Ee^2) >0 >0 >0 >0 >0 large 1/8 

E7{7)/Eq^2) >0 >0 >0 <0 <0 large 

E7{7)/E6(e) >0 >0 >0 <0 <0 large 



Table 16: Classification oi D = A, N = S black holes. The distinct charge orbits are determined by the number of non-vanishing 
eigenvalues and /4, as well as the number of preserved supersymmetries. 



that by embedding the STU model in the M = 8 theory, we obtain finer supersymmetry and charge orbit 
correspondences than those of the Af = 2 STU theory of [Table 15[ The orbits for the large Af ~ 2 black 
holes were previously found in [3dl 1150] : those of the small black holes are new. The corresponding SLOCC 
orbits may be found in [17]. 

Alternatively, having succeeded in writing the Cartan invariant in terms of a,b, c, d, e, f, g in (8.271 we 
can now look for maximally entangled states in the Af = A subsector and the full Af = 8 theory. Let us first 
recall the normalised GHZ state in the Af — 2 subsector 

|vI/) = -i5(|lll) + |000)). (8.54) 

It is obviously entangled since if Alice measures 0, Bob and Charlie must also measure 0. This is confirmed 
by calculating the 3-tangle 

1, , / 2(aoa6-a2a4) aoa7 - a2ar-, + aiae - a^aA (8 55) 

^ \ Ooa? — 0205 + aiOg — 0304 2(0407 — 0305) y ' 



and 



so 



ao = 07 = (8.56) 
7'(«)=(i ly (8.57) 



Moreover it is maximally entangled since 



T = 4|det7a| = 1. (8.58) 
Now consider the Af — 4: subsector state with 

oo = 07 = eo = 67 = .90 = .97 = (8.59) 

7'(a) + 7^(5) + 7'(e)= (1^1^ 1 ~' ^ , (8-60) 

T = 4| det(7^(a) + l^g) + 7'(e))| = 1, (8.61) 
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also. Going to the full Af = 8 sector, consider 

uq = aj = bo ^ br = cq ^ CT = do = (It ^ eo = 67 ^ fo = fj = go = 37= ^ , (8.62) 

we find 7 non-vanishing contributions of the type, and 21 of the a^b^ type while the abce type terms all 
vanish. Hence r = 1 once more. Another example involving the abce terms is to keep 

07 = 01 = 02 = 04 = ^, (8.63) 

and similarly for 6, c, d, e, /, g when we again find r = 1. The choice 

07 = gi = 61 = di = 5 (8.64) 

involves only the agbd term and also yields r = 1. 

8.8. Seven qutrit interpretation 

We note that the 56-dimensional Hilbert space given in [Equation 8.17| is not a subspace of the usual 
2 ''-dimensional seven-qubit Hilbert space given by (2,2,2,2,2,2,2), but rather a direct sum of seven 2^- 
dimensional three-qubit Hilbert spaces (2,2,2): 

(2,2,1,2,1,1,1) 
+ (1,2,2,1,2,1,1) 
+ (1,1,2,2,1,2,1) 

+ (1,1,1,2,2,1,2) (8.65) 
+ (2,1,1,1,2,2,1) 
+ (1,2,1,1,1,2,2) 
+ (2,1,2,1,1,1,2). 

This raises an ambiguity about the terminology tripartite entanglement of seven qubits. The state corre- 
sponding to the usual 2^-dimensional seven-qubit Hilbert space (2, 2, 2, 2, 2, 2, 2) is 

l^-) = aABCDEFclABCDEFG) , (8.66) 

and one meaning of tripartite entanglement, ABD say, would be that given by the reduced density matrix 

PABD = T^^'CEFG \^){^\. (8.67) 

So it is important to note that this is clearly different from the meaning we have adopted for seven qubits 
elsewhere in this Report. 

The doublets in (8.651 are interpreted as qubits, but what about the singlets? A natural explanation for 
the origin of the singlets is to embed each two-valued qubit in a three-valued qutrit and note that under 

SL{3) -> SL{2) (8.68) 

we have 

3^2 + 1. (8.69) 

The seven qutrit system (Alice, Bob, Charlie, Daisy, Emma, Fred and George) is described by the state 

l^> = ^AbcdefgI^BCDEFG), (8.70) 

where A = 0, 1, 2, and the Hilbert space has dimension 3^ = 2, 187. o-abcdefg transforms as a (3, 3, 3, 3, 3, 3, 3) 
oiSL{i)A X SL{i)B X 5*^(3)0 X S'L(3)d x SL{i)E x SL{i)F x S'L(3)g. Under 

SL{i)A X SL{i) B X SL{i)c X 5L(3) d x SL{i) e x 5*^(3) p x SL{i)G 
D SL{2)a X SL{2)b X SL{2)c x SL{2)d x SL{2)e x SL{2)f x SL{2)g, ' 
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we have 



(3,3,3,3,3,3,3) 



1 term like 
7 terms like 
21 terms like 
35 terms like 
35 terms like 
21 terms like 
7 terms like 
1 term like 



2,2,2,2,2,2,2 
2,2,2,2,2,2,1 
2,2,2,2,2,1 
2 2 2 2 1 1 

•^7 -^l -^J -^7 -^1 

2,2,2,1,1,1 
2,2,1,1,1,1 
2,1,1,1,1,1,1 
1,1,1,1,1,1,1 



.72) 



which contains (8.651 as a subspace. Denoting doublets by ^ = 0, 1 and singlets by •, we have 



|«')56 = 



aABtDf 

Cm»CD»F» 

e-AfEFt 
fmBmtmFG 
gA»C»»»G 



\AB»D» • •) 

{•BC»E» •) 
!• •CL'-F.) 
I* • •DE»G) 
\A» • •EF») 
I • B • • • FG) 



.73) 



which we abbreviate by |Equation 8.17[ So the Fano plane entanglement we have described fits within 
conventional quantum information theory, but we have discovered a hidden Ej symmetry of this special 
56-dimensional subspace. 

In the notation A = 0, 1, 2 the 56 states are 



.74) 



To get a flavour of the qutrit entanglement, we restrict to generalisations of |000) + |111) GHZ states 
and get 



10020222) 


10021222) 


10120222) 


10121222) 


11020222) 


11021222) 


11120222) 


11121222) 


2002022) 


2002122) 


2012022) 


2012122) 


2102022) 


2102122) 


2112022) 


2112122) 


2200202) 


2200212) 


2201202) 


2201212) 


2210202) 


2210212) 


2211202) 


2211212) 


2220020) 


2220021) 


2220120) 


2220121) 


2221020) 


2221021) 


2221120) 


2221121) 


0222002) 


0222012) 


0222102) 


0222112) 


1222002) 


1222012) 


1222102) 


1222112) 


2022200) 


2022201) 


2022210) 


2022211) 


2122200) 


2122201) 


2122210) 


2122211) 


0202220) 


0202221) 


0212220) 


0212221) 


1202220) 


1202221) 


1212220) 


1212221) 



10020222) 
12002022) 
12200202) 
12220020) 
10222002) 
12022200) 
10202220) 



11121222) 
12112122) 
12211212) 
12221121) 
11222112) 
12122211) 
11212221). 



.75) 



Suitably normalised, this generalised GHZ state yields Cartan t — I and is maximally entangled. 
Suppose Alice measures 0: 

10020222) 

10222002) (8.76) 
10202220), 



(which incidentally reduces to the a, e,g subsector) then Bob can measure 0: 

10020222), 



.77) 
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in which case Charhe, Daisy, Emma, Fred and George can only measure 2,0,2,2,2, respectively or Bob can 
measure 2 



then Charlie can measure 0: 
or 2: 



10222002) 
10202220), 

10202220), 

10222002), 



(8.78) 

(8.79) 
(8.80) 



and so on. We 


may tabulate the 


various 


possibilities as 


in ITable 17| 






A 


B 


C 


D 


E 


F 


G 








2 





2 


2 


2 




2 





2 


2 


2 









2 


2 








2 


1 


1 


2 


1 


2 


2 


2 




2 


1 


2 


2 


2 


1 






2 


2 


1 


1 


2 


2 








2 





2 


2 






2 


2 


2 










1 


1 


2 


1 


2 


2 






1 


2 


1 


2 


2 




2 








2 





2 






1 


1 


2 


1 


2 






2 








2 











1 


1 


2 


1 



Table 17: The possible sequential results of measurement on the seven qubits starting from the 56 states of (|8.74[l 
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9. BLACK HOLES AND THE FREUDENTHAL TRIPLE SYSTEM 



For the J\f — 8 black hole entropy interpretation, we considered I4 in a form exhibiting manifest 50(8) 
symmetry, the 56 charges lying in what we refer to as the Cartan basis, that is, the pair of 8 x 8 antisymmetric 
matrices, x^"^ and yij. For the QI interpretation, we also considered I4 as a quartic polynomial in the 56 



coefficients specifying the special seven-qubit state (8.17) with manifest [SL{2)]'^ symmetry. We shall refer 



to this representation as the Fano basis. There is actually a third possible representation of the 56 charges, 
the Freudenthal triple system (FTS) HTHl HHOl 11151 ESIl [IH2 , which we investigate now. 

It is well known that the FTS may be used as a representation of the black hole charge vector space 
oi Af = 8 supergravity in 13 = 4 [30 . Indeed, ioi J\f — 8 supergravity in D = 5 there is a one-to-one 
correspondence between the black hole charge vector space and the cubic Jordan algebra of 3 x 3 hermitian 
matrices defined over the split octonions, which forms a representation of the fundamental 27 of i?6(6)> the 
U-duality group in this case. Reducing down to Z3 = 4 the black hole charge vector space is given by the 
FTS defined over the D = 5 Jordan algebra which forms a representation of the fundamental 56 of E-jfjy 
We shall refer to this representation as the Freudenthal basis, which will facilitate a better understanding 
of the £^7(7) invariant entanglement and its relationship with the black hole charges and entropy. 

Interestingly, the Af = 2 STU model may also be considered from this point of view, giving a different 
picture of the results already presented, on both the black hole and QI sides of the equation [T7| . 

The Jordan algebra approach presents a possible alternative interpretation of the black hole/qutrit 



correspondence in 13 = 5, considered in section 13 allowing one to extend the analogy to D = 6. This 
alternative is inspired by the observation that the M — 2 "Magic" supergravity models are themselves 
intimately related to division algebras, Jordan algebras and the FTS |1831 1184| 1185} [1571 130] . However, let 



us postpone these considerations for the moment (we will return to them in section 10.3 and section 13.31 
while we introduce the necessary material and make some observations concerning the properties of the 
black hole entropy and qubit entanglement from this FTS perspective. 

9.1. Composition algebras 

The Jordan algebras of particular importance to supergravity are, for the most part, conveniently de- 
scribed in terms of Hermitian matrices defined over certain composition algebras. An algebra A, which 
need not be associative, defined over a ground field F, is said to be composition if it comes equipped with 
a non-degenerate quadratic norm, n : A F, satisfying, 

niyx) — 'n.{x)n{y) \/x,y £ A. (9-1) 

All such algebras are alternative, x^y — x{xy) and {xy)x — x{yx) for all x,y £ A [185] . Note, the associator, 
defined as [x, y, z] — {xy)z — x{yz) in direct analogy with the commutator, is an alternating function of its 
arguments precisely when A is alternative. 

An algebra is said to be division if it contains no zero divisors, that is, 

xy^Q ^ x = Q or y^Q. (9.2) 

This condition holds for any composition algebra with positive definite norm, in which case it is referred to 
as a nicely normed division algebra. The only four possible nicely normed division algebras are R, C, H and 



O, a celebrated result due to Hurwitz |187} 1165] . cf. section 8.3 The norm in each of these cases is given by 



n(a;) — xx, where the involution a; — > a; is just given by complex conjugation. We shall also be concerned 
with their split cousins, C*, and O", which have a split signature norm. Consequently, the norm is not 
positive definite and, while still composition, it is no longer division. 

9.2. Jordan algebras 

Jordan algebras were originally introduced in |188j as a possible generalisation of the orthodox formula- 
tion of quantum mechanics in the hope of addressing certain difficulties in fundamental physics, particularly 
in the relativistic regime. We will come to the Jordan formulation of quantum mechanics in [section 13.3.2] 
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However, they are interesting objects in their own right and an expansive hterature on the subject has 
developed over the years. See |189l I190j for a comprehensive account. Their intimate relationship with the 
exceptional Lie groups is of central importance in their applications to string theory and supergravity. 
A vector space, defined over a ground field F, equipped with a bilinear product satisfying, 

X o y — y o x; x"^ o [x oy) ~ X o [x"^ o y) \Jx, y G -3, (9-3) 

is a Jordan algebra An obvious example is given by the set of real matrices with Jordan product defined 
as X o y — i [xy + yx) . More generally, this definition of the Jordan product may be used to construct a 
Jordan algebra starting from any associative algebra. 
Any algebra is said to be formally real if, 

x^ + y^ + ... = Q x = y = z=...^Q. (9.4) 



Assuming that a given Jordan algebra is formally real it can be shown that the Jordan identity (9.3 1 is 
equivalent to power associativity |179j , 

a;™ox" = x(™+"). (9.5) 

This is significant when considering the application of Jordan algebras to quantum mechanics providing 
some physical motivation for the Jordan identity as will be discussed in [section 13.3.2[ 

The full classification of all formally real Jordan algebras was completed in [179 . There are four infinite 
sequences of simple Jordan algebras and one exceptional case. (A Jordan algebra is simple if it contains 
no proper ideals. All Jordan algebras may be decomposed into a direct sum of simple Jordan algebras.) 
Three of the infinite sequences are given by the sets J* of rt x n Hermitian matrices defined over the 
three associative division algebras, A = R, C or H. The Jordan product in these cases is simply given by 
X o y = ^{xy + yx), where xy denotes conventional matrix multiplication. The fourth is given by R © Qn, 
where Qn is a n-dimensional real vector space. The one exceptional simple Jordan algebra is given by , 
the set of 3 X 3 Hermitian matrices defined over the octonions. 

However, we will generally be concerned with the larger class of cubic Jordan algebras which need not 
be formally real. For example, J^' , the set of 3 x 3 Hermitian matrices defined over the split octonions, is 
not formally real but none the less underpins J\f = 8 supergravity. 

9.3. The Freudenthal- Springer- Tits construction of cubic Jordan algebras 

In |191l I181j it was shown how to construct a cubic Jordan algebra from any vector space equipped 
with a cubic form satisfying certain conditions described below. We sketch this construction here, following 
closely the conventions of [182j . 

Let be a vector space, defined over a ground field F, equipped with both a cubic norm, : V" ^ F, 
satisfying N{Xx) = X^N{x), yX e ¥,x £ V, and a base point c e V such that N{c) = 1. If N{x,y,z), 
referred to as the full linearisation of N, defined by 

N{x, y, z) i {N{x + y + z)- N{x + y) - N{x + z) ~ N{y + z) + N{x) + N{y) + N{z)) (9.6) 

is trilinear then one may define the following four maps, 
1. The trace. 



2. A quadratic map, 

3. A bilinear map, 

4. A trace bilinear form. 



Tr : y ^ F, Tr(x) = ZN{c, c, x), (9.7a) 
S -.V -^W, S{x) ^ 3iV(a;, x, c) , (9.7b) 
S:Vy.V->^, S{x,y) ^6N{x,y,c), (9.7c) 



Tr : V X V -> F, Tr{x,y) = Tr(x) Tr{y) - S{x,y). (9.7d) 
70 



N is said to be Jordan cubic if, 



1. The trace bilinear form (9.7dl is non-degenerate. 

2. The quadratic adjoint map, #: 3 ^ 5, uniquely defined by Tr{x'^,y) = 3N{x,x,y), satisfies 

(x*)* = N{x)x, Vx e 3- (9.8) 

A cubic Jordan algebra with multiplicative identity 1 — c may be derived from any such vector space 
with a Jordan cubic form by defining the Jordan product, 

X o y — ^(^x X y + Ti{x)y + Tr(i/)x — S{x, y)t) , (9-9) 

where, x x y is the linearisation of the quadratic adjoint, 

X X y = {x + y)* — X* — y* . (9.10) 

There are three groups, of particular importance, related to cubic Jordan algebras. The set of automor- 
phisms, Aut(5), is composed of all linear transformations on Z that preserve the Jordan product, 

xoy = z =^ g{x) o g{y) = g{z), V.g G Aut(5). (9.11) 

The Lie algebra of Aut(5) is given by the set of derivations, Der(-3), that is, all linear maps D : ^ ^ ^ 
satisfying the Leibniz rule, 

D{xoy) ^ D{x)oy + xo D{y). (9.12) 

The structure group, Str(-3), is composed of all linear bijections on 3 that leave the cubic norm N invariant 
up to a fixed scalar factor, 

N{g{x)) = XN{x), yg G Str(a). (9.13) 

Finally, the reduced structure group Stro(3) leaves the cubic norm invariant and therefore consists of those 
elements in Str(3) for which A = 1 |192j . The U-duality group of any D — 5 supergravity with charge 
representation 3 is given by Stro(3) |183j . Further, the scalar fields of these theories parameterise the 
symmetric coset spaces Stro(3)/ Aut(^) and the U-duality charge vector orbits are given by Stro{y) / H, 
where H is some subgroup of Aut(5) [30] . 

The usual concept of matrix rank may be generalised to cubic Jordan algebras and is invariant under 
both Str(5) and Stro(J) |193l 1182] . Explicitly, for any element x E ^ wc have, 

Rank a; = 3 iff N{x)=^0, 

Rank a; = 2 iff N(x) = and x* ^ 0, 

2 ' ^ (9.14) 

Rank a; =1 iff = and x ^ 0, 

Rank x = iff a; = 0. 



Note, when using the alternative interpretation described in [section 13.3| these classifications correspond 
directly to the different classes of entanglement of two qutrits under SLOCC, as shown in [Table "3| since one 
may consider the reduced density matrices, pA and ps, as element of . 

9.4- D — 5 black strings/holes and Jordan algebras 

The elements of the cubic Jordan algebras J* of degree three are 3x3 hermitian real A matrices: 

V Pv p: 

MP) = \ Py Pc\ , where G R and Ps,c,v e A, (9.15) 



yPs Pc P 



,3 



71 



where A is one of the normed division algebras, R, C,H, O or the spht composition algebras, CjH'*,©''. 
For two elements X and Y in J* the Jordan product is given hy XoY = ^{XY + YX), where XY is just 
the conventional matrix product. The bilinear trace form and quadratic adjoint are given respectively by. 



Tr(X,r) = Ti{X oY), 



(9.16) 



and 



X* = X^ - tr{X)X + ^[{trXf - tr(X2)]l. (9.17) 
The cubic norm N{J3{P)) is given by the appropriate generalisation of the standard matrix determinant, 

TV = pVV - (p'PsPs + P^PcPc + p'PvPv) + PsPcPv + PsPcPv = h{P). (9.18) 

which just reduces to the conventional determinant definition when A = R, C. 

The elements JsiP) S transform as the (3 dim A + 3) dimensional representation of the norm pre- 
serving group, Stro(J;f) = 5L(3,A). For A = R, C, H, O (dim A = 1,2,4,8, respectively) J^^ transforms 
as the 6, 9, 15, 27 of 5i(3, R), SL{3,(C), SU*{6), -B6(-26)i respectively. These are the symmetries of 
the magic J\f — 2, D — 5 supergravities |185l 11831 1184j and the magnetic black string charges fall into the 
corresponding representations. The octonionic case corresponds to the decomposition 



Ee^_26) 3 80(8), 



under which 



27^1 + l + l + 8s + 8c + 8v, 
where p^, p^, p^ are the singlets and Pg, Pc, Pv are the Sg, 8c, 8v. The octonions may be written 

= P° + Piei + P^e2 + P^es + P^e^ + P^e, + P^ee + P^ej, 



with 



P-P^ ^ pf + pf + pf + pf + pf + pf + pf + pf. 



(9.19) 
(9.20) 

(9.21) 
(9.22) 



The N — 8 case then also follows [30j by using the split octonions in J*, in which case Stro(J^°) = i?6(6)i 
the J\f — 8 U-duality group. The split octonions have norm 



px p-^ 



p62 _ p72 



There we have 
under which 



27 



In all cases the black string entropy is 



£;6(6)D^O(4,4), 
1 + 1 + 1 + 8s + 8c 

S = ^./\h{P)l 



(9.23) 
(9.24) 
(9.25) 

(9.26) 



where laiP) is the cubic invariant N^J^^P)) as given in (9.18). 

For the electric black holes, we have the conjugate Jordan matrix 

/ Qi Qv Qs 
MQ) = \Qv Q2 Qc \ , 

\Qs Qc 93 , 

and the entropy is 

s = 7T^/\hm. 



(9.27) 
(9.28) 
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9.4-1- U-duality orbits and Jordan algebras 

Any element JsiP) G J§", for A = R, C,H, O, may be diagonalised using a Aut(J^) transformation. In 
the exceptional octonionic case this corresponds to a F4 transformation, as was shown explicitly in |194j . 
When A = C this operation is related to the Schmidt decomposition of a two-qutrit system. For a detailed 
discussion of the D = 5 magic supergravity charge orbits see [3D] . For the Af = 8 case £"6(6) ^cts transitively 



on the classes of elements of rank 1 or 2 (9.14), the small black holes. For large black holes, those with 
non-vanishing entropy corresponding to rank 4 elements of , i?6(6) ^cts transitively on elements of a 
given entropy (cubic norm) I3 |193l I182j . Any element JsiP) G may be diagonahsed usin g a £4(4) 



transformation |194j and the representative elements of each of the orbits [301 may be chosen as in Table 18 



(where k = I3 ^ 0) . These will appear as the charge orbits of Table 33 in the conventional black hole/qutrit 



Rank 


Rep 


Orbit 





diag(0,0,0) 


{0} 


1 


diag(l,0,0) 


£^6(6)7(0(5,5) K1R16) 


2 


diag(l,l,0) 


ii;6(6)/(0(5,4) K1R16) 


3 


diag(l,l,fc) 


-E'6(6)/-P4(4) 



Table 18: Orbit representatives of [D = 5,Af = 8), see [Table 33| for details. Each orbit is specified by a Jordan algebra element 
of a given rank. 

correspondence. When making the alternative two-qutrit comparison of |section 13. 3[ the rank corresponds 
to the Schmidt number of the reduced density matrix |102j . 

In the quantum theory the black hole charges become integer valued and, consequently, the relevant 
space is the set of 3 x 3 Hermitian matrices defined over the integral split octonions J^^- The U-duality 
is broken to £'g(g)(Z), the norm preserving group in the integral case. It was suggested in |195j that any 
charge vector, with non-vanishing cubic norm, in the integral theory could be brought in to the standard 
form originally used in [33]. This amounts to the diagonalisability of 3 x 3 Hermitian matrices defined 
over the integral split octonions. It was shown in [196J that an arbitrary 0/3 (P) in J^'^ is equivalent, under 
i?6(6)(^)i to an element of the form, 

J3(P) =diag(p\p2,p3)^ p'>OeZ, (9.29) 

where p^\p^-^~^^^ and all zeros on the diagonal appear in the lower right corner. Interestingly, unlike the 
continuous case, valid in the low energy effective field theory approximation, £'g(-g)(Z) acts transitively on 
elements of cubic norm n if and only if n is squarefree [182] . Otherwise said, there exist distinct black hole 
configurations with the same entropy that are not related by the discrete U-duality group. 

9-5- The Freudenthal triple system 

Dimensionally reducing from five to four dimensions the black hole charge configurations of Af — 8 
supergravity may be represented using the FTS, originally introduced in [180] . defined over the corresponding 
D = 5 Jordan algebra. Following the conventions of |192| I182j , a FTS may always be constructed from a 
cubic Jordan algebra -J as follows. Given a cubic Jordan algebra Z over E, define the vector space 9J1(5), 

971(5) R ® K, © 3 © a- (9.30) 
An arbitrary element x S 071(5) niay be written as a "2 x 2 matrix" , 

y where a,^GR and X,Ye:S- (9.31) 

The bilinear antisymmetric quadratic form {x, y} is defined as. 



{x, y} = aS^l3^ + Tr(X, Z) - Tr{Y, W), 
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(9.32) 



where, 



X 

/3 



y 



w 

6 



(9.33) 



and the trace bilinear form (9.7dl is defined as on The quartic norm is given by, 

q{x) = -2[a/3 - Tr(X, Y)f - ^[aN{X) + I3N{Y) - Tr(X#, r#)], (9.34) 

where all the necessary definitions are inherited from the underlying Jordan algebra Z- A symmetric four- 
linear form, q{x,y,w, z), is obtained by linearising (9.34) so that q{x,x,x,x) — q{x). The non-degeneracy 
of both q{x, y, w, z) and {x, j/} allows one to uniquely define a trilinear map, the triple product, T : 971(5) x 

aji(a) X OT(3) ^ 9Ji(a), by [sa, 

{r(a;,?/,w),z} = g(x, z). (9.35) 

The automorphism group Aut(07t(CI)) is given by the set of all transformations which leave both {x,?/} 
and q{x, y, w, z) invariant. When ^ is either R© (5„ or the set of transformations Aut(9Jt(3)) forms a Lie 
group, and ^{Z) a corresponding irreducible representation as described in Table 19 When A = R, C, H, O 



a dim 3 Aut (971(5)) dim 971(3) 



R©R® R 


3 


[5L(2,R)]3 


8 


R® Q„ 


1 -1- n 


S'L(2,R) X 5*0(2,71) 


2n + A 


jr 


6 




14 




9 


As 


20 


^^3 


15 


De 


32 


•^3 


27 


Er 


56 



Table 19: The Lie group and the dimension of its representation given by the Freudenthal construction defined over the cubic 
Jordan algebra 3- 

and 3 — J*, the group Aut(97t(3)) is generated by the following three maps jl92j : 
HZ) 

T(,s) 

where s £ Str(-3) and s* is its adjoint defined with respect to the trace bilinear form, Tt(X, s(Y)) — 
Tr(s*(X),y). 

The rank of an element x E 971(5) may be uniquely defined using the relations |182j , 

Rank a; = 4 iff q{x)^0, 
Rank a; < 3 iff q{x) = 0, 

Rank a; < 2 iff T{x,x,x)=0, (9.37) 
Ranka;<l iff 3T{x,x,y) + {x,y}x ^ 0, Vy G 97t(a), 
Rank a; = iff a; = 0. 

The rank, defined in this manner, is invariant under Aut(97l(5)). Further, when 5 = J* for A — H'*, O'^, 
Aut (971(5)) acts transitively on the sets of elements of rank 1, 2 or 3 and on elements of a given norm q in 
the rank 4 case. These orbits union a: = partition the whole space 97l(J;^) |182j . 
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a 


X 


Y 


/? 


a 


X 


Y 




a 


X 


Y 





a + {Y,Z) + {X,Z*) + f3N{Z) X + PZ 
Y + X X Z + PZ* /3 

a X + Y X Z + aZ* 

Y + aZ (3+{X,Z) + {Y,Z*) + aN{Z) 

X-^a six) 
s*-\Y) XI3 



(9.36a) 
(9.36b) 
(9.36c) 



(9.38) 



9.6. D — A black holes and Freudenthal triples 

In D — 4 the black hole charges may be described by the Freudenthal triple system [30^ realised as 2 x 2 
"matrices" 

-qo J3{P)' 

where p° and go are real numbers that correspond to the graviphoton charges appearing after dimensional 
reduction from D = 5. The magic N = 2,D — A, given by 3 = J^, A = Il, C,H, O, supergravities 
have symmetries 5p(6,]R), S'f7(3,3), S'0*(12), and i?7(_25) respectively, while the A/" = 8 case, given by 
A = has Eiijy The charge representations have dimensions (6 dim A + 8) and correspond to the 
threefold antisymmetric traceless tensor (14') of S'p(6,]R,), the threefold antisymmetric self-dual tensor (20) 
of 5?7(3,3), the chiral spinor (32) of S'0*(12) and the fundamental (56) of i?7(_25) or £^7(7) as indicated in 
[Table 19] The real case corresponds to the decomposition 



under which 



5p(6,IR) D S'L(3,]R), 



14-> 1 + 1 + 6 + 6', 



(9.39) 



(9.40) 



where p° go are the singlets and Jz{P), Jz{Q) are the 6, 6'. The complex case corresponds to the decompo- 
sition 



5'C/(3,3) D 5L(3,C), 



under which 



20' 1 + 1 + 9 + 9'. 

The quaternionic case corresponds to the decomposition 

S'0*(12) D SU*{<6), 

under which 

32^ 1 + 1 + 15 + 15'. 

The octonionic case corresponds to the decomposition 

^7(^25) ^ £'6(-26)i 

under which 



(9.41) 
(9.42) 

(9.43) 
(9.44) 

(9.45) 
(9.46) 



56^ 1 + 1 + 27 + 27'. 

The Af = 8 case then also follows [30J by using -£7(7) and the split octonions in (9.151 and (9.38). We have 

(9.47) 



^7(7) ^ 



under which 



■6(6), 



56^ 1 + 1 + 27 + 27'. 



(9.48) 



Finally, the Af = 2 STU model is given by 3 = R® K,® R, in which case the black hole charge representation 
has dimension 8 and transforms as the (2,2,2) of [S'L(2, R)]^. 

In all cases the black hole entropy is 

S = ^T^/\hl (9.49) 



where li is Cartan's quartic invariant given by half the quartic norm (9.341, 

1 2 



h{p\ P- go, g) = - [/go + tr(J3(F) o .h{Q))\ 



-P°J3{Q) + qoMP) + tr{J3*{P) o J3*{Q)) 
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(9.50) 



(9.51) 



Note that (9.501 imphes that in the quantum theory with integral charges I4 is itself an integer, I4 — An or 
4n + 1 where n is an integeij^ Explicitly we have 

p.q + 2 ((F, • Q„) + (P, • Qs) + {Pc ■ Qc)) 

- p"qiq2q3 + gopW + {p^qi){p^q2) + (p^gOb^gs) + {p^q3){p^q2) 

- (pV -p\z)Qv'' - fegi +p'go)n' 

- (pV -/gi)Qc' - {q2q3+p\o)Pc^ 

- (pV -/g2)Qs' - {qiq3+p'qo)Ps^ 

- 2p03?(Q„Q,Q,) - 2qo^{P,P,P,) 

+ (PsPc - P^Pv){QcQs - gsOJ + (QsOc - q3Qv)iPcPs - p^Pv) 
+ {PsPc - p''Pv){QcQs - qsQJ + (QsQc - q3Qv){PcPs - p^Pv) 
+ (PsPc - p'^PvKQcQs - qzQ^) + (QsQc - q3Qv){PcPs ~ p^Pv) 

where PQ= \{PQ + QP) and P^ = PP. 

9.6.1. Af = 2 STU subsectors 

The STU model may, in addition to the realisation using 5 = IR- ffi ffi E., be obtained as a consistent 
truncation of the full J\f — S theory. This corresponds to the simple case where we put Ps,v,c,Qs.v,c all to 
zero, then 

-go Mp'T 
Mq^) / 



where 

In this case, 
and 



FiP.Q) 
J3(pO =diag(p^p^p3)^ 

hiP)^p'pV, 



(9.52) 



Mqt) = diag(gi, 92,53) ■ 
h{Q) = 919293, 
J3*{Q) = diag(9293, 9193,9192), 



J3#(P) = diag(pV,pV,pV), 
and I4 becomes 

h = -{p -9)^+4 {{p^qi){ph2) + {p\i){p^q3) + (P^93)(p^92)) - 'ip^q^qs + 49opW 

If we make the identifications (6.201, we recover Cayley's hyperdeterminant (4.33a I. Combined with ( |4.38[ ) 
we obtain the transformation between P, Q and p, 9: 



(9.53) 
(9.54) 
(9.55) 
(9.56) 



-pO- 




- pO 


_p2- 


p' 




Qo 


+ Q2 


p' 




p3 


-Pl 


p3 


1 


_p3 


-Pl 


qo 




Qo 


-Q2 


qi 




-P" 


_p2 


92 




Q3 


-Qi 


.93. 




~Q3 


-Qi 



(9.57) 



*So the square of the black hole entropy is quantised, at least to this order. 
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This transformation gives us the relations: 

P Q= p-q - 2pigi, (9.58) 
= 2(pigo + 92^3), 

hence we find 

h = P^Q^-{P-Qf, (9.59) 

which is manifestly invariant under SL{2) x 50(2,2). In the Fano basis this is equivalent to just keeping 
one point of the dual Fano plane i.e. aABD- 

9.6.2. The A/" = 4 subsectors 

The next simplest case is where we keep just the s octonions. This corresponds to a consistent truncation 
to the Af = 4 theory. In this case, 

hiP) = p'pV - P^PsPs, hiQ) = 919293 - qiQsQs, (9.60) 

and 

(p^p'-PsPs \ fq2q3-QsQs 

J3*iP) = -p'Ps , J3*{Q) = 9193 -qiQs \ ■ (9.61) 
V -p^Ps pV J V -nQs 9192 

Therefore I4 becomes 

h = -{p\o+p'q^ + 2(Ps • Qs)f + 4[(7o(pVV -p'Ps') -/(919293 - qiQs") 
+ {p^p^ - P.^)(9293 - Qs^) + pV9i93 + pV9i92 + 2pigi(P, • qA , 



(9.62) 



where 



Ps-Qs^ UP^Qs + QsPs), (9.63) 

Qs QsQs' 

Hence we find 

h = P^Q^ - (P • Qf - 2(P2Q,2 + g2p^2) ^ 4(P«2g,2 _p.Qp2.Q^_ (p^ . g^)2) (9 54) 

So if we identify 



P« = 35(P4, P!, P!, PJ, P!, P!, Pi", P;^), (9.65) 



and 

Qs = ^^{Qi,QlQt,Ql,QlQlQl°,QV), (9.66) 

then 

/4 = p2Q2 _ (p . g)2^ (9 g7) 

where the indices now run over 0, . . . , 11, which is manifestly invariant under SL{2) x 50(2, 10) or SL{2) x 

5*0(6,6) according to whether wc use the octonions or split octonions. In the Fano basis this is equivalent 
to just keeping one line aABD of the Fano plane. In constructing the dictionary between these bases we 
shall see that this particular case is given by the line {aABD,ccDF, doEG) defined by the common qubit D. 

All-in-all there arc three A/" = 4 subsectors, transforming as the (2,12) of SL{2) x 50(6,6) related to 
dABDi one for each line defined by the qubits A,B and D: 
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1. Keeping only {p\qi; Pc, Qc)- 



- (pV - p\i)Qc^ - {q2q3 + p\o)Pc^ -{p-q~ 2p\i)P, ■ Q,] . 



(9.68a) 



2. Keeping only {p\q.r, Pv,Qv)- 



Ia — —{Py ■ QvY 

+ 4 _ p\:,){q^q^ + pS^o) ~{p-q~ 2p^q3? + Pv^Qv^ 

- {P'p' - P°q3)Qv^ - (9291 +P^qo)Pv^ ~{p-q~ 2p\:,)P, ■ Q,] . 



(9.68b) 



3. Keeping on\y{p\qi;Ps,Qs)- 



+ 4[(pV - /g2)(<Zi93 + p\o) -{p-q- 2/92)' + Ps'Qs' 

- (pV - p"q2)Qs^ ~ {qiq3+P^qo)Ps^ - [p ■ q - 2p^q2)Ps ■ Qs] ■ 



(9.68c) 



Note, the third hne of each these equations is related to one of the three equations (A. 15 1 derived using the 
transvectants of [Appendix A[ 

Turning our attention now to the complementary situation in which we exclude Alice, that is we keep 
only {Ps.Qs) and {Pc,Qc) in the FTS, we find, 



h = 4[P,2q^.2 ^ p^2q^2 _ (p^ Q^)2 _ (p^.gj2 _ 2{P,.Q,){P,.Q,)] 
+'i[(PsPc)iQcQs) + (Q,Q,)iPcPs)]- 



(9.69) 



This corresponds to the complementary (1, 32) of SL{2) x 50(6, 6). The qubit subsector is given by keeping 
the 32 numbers {bBCE,ccDF,dDEGi Ifbg)- Note the absence of Alice. This is the quadrangle of the dual 
Fano plane complementary to the line defined by A. 

9.6.3. U-duality charge orbits and the FTS 

The U-duality orbits oi Af = 8, D = A supergravity were calculated in [3D] and are presented in Table 16 
It is not difficult to show |182j that using the i?7(7) transformations given in (9.36a I any non-zero charge 
configuration 



F{p,q) 



-qo JsiP) 
J3{Q) P° 



may be put in the form. 



np.q) 



1 J3{P) 





(9.70) 



(9.71) 



We then have that for each rank 1 to 4, as defined in (9.371, the configuration (9.71 ) is equivalent under E-jij) 
to one of the standard configurations of Table 20 [182J. It was proved in |182j that -^7(7) acts transitively 
on the elements of rank 1, 2, 3 and on elements of norm q in the rank 4 case. Further, these orbits are 
distinct and their union with the zero element gives the full charge space. Note, each rank corresponds to 
a three-qubit entanglement class [T7], described in Table 1 The rank 1, 2 and 3 cases are equivalent to the 
separable |111), bi-partite entangled |111) -f |001) and W |111) + |001) + |010) states respectivel y. Th e rank 
4 case is equivalent to a GHZ |111) + |001) + |010) +p^|100) state with unnormalised 3-tangle ( |4.54| given 
by 16|p3|. 
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Rank 



FTS 



State 



1 
2 
3 
4 



1 diag(0,0,0) 
diag(0, 0, 0) 

1 diag(l,0,0) 
diag(0, 0, 0) 

1 diag(l,l,0) 
diag(0, 0, 0) 

1 diag(l,l,p') 
diag(0,0,0) 



1111) 
|111) + |001) 
|111) + |001) + |010) 

|iii) + |ooi) + \oio) + p^\m) 



Table 20: Standard charge configurations, their corresponding rank ( |9.37| and the equivalent three-qubit states, which belong 

to distinct entanglement classes. 



9.6.4- ['^'^(2)]'^ C Ey transformations 

The 4> and ip transformations of the Freudenthal construction may be restricted to [S'L(2)]'^ C E'y 
transformations by requiring the 3 transformation parameter to be diagonal. This follows directly from 



their definitions (9.36a I and from the fact that a general three-qubit state is of the form (9.721. The X + (3Z 



and Y + aZ elements of (9.36a I clearly demonstrate that only diagonal transformation parameters can 



preserve the form of the 5 slots. 



~ar 
diag(a6, 05,03) 



-diag(ai, 02,04) 
oo 



-qo 



diag(p\ _p^_p3) 



diag((?i,g2,'?3) 



(9.72) 



In this restricted form and ip m^^y be used to convert a general eight-parameter state (9.72) to various 



canonical forms. A simple example is the five-parameter state retaining only the 0, 1, 2, 4, and 7 components 



of the state vector (9.731, as considered in |103j 



/i diag(/2,/3,/4) 
diag(0, 0, 0) /5 



This may be obtained via a single -0 transformation, 

ipiZ) = tp{dia,g{qi,q2,q3)/qo). 



(9.73) 



(9.74) 



A more complicated example is a five-parameter state retaining the 0, 4, 5, 6, 7 components |115j . A single 
OT (j) transformation will not suffice and instead the transformation is of the form 



?/;(diag(0, 0, 1)) o diag(di, ^2, 4))- 
The di are specified most compactly in the notation of [20], specifically 



(9.75) 



3! I^^jfc I' 



(p • q) - 2p'g, - i/o] /{2uj,), 
D:=-Deto, {z\ , z^} = {S,T,U}. 



(9.76) 



Furthermore, it is instructive to consider the case of a real hyperdeterminant whose value is successively 
greater than, less than, and equal to zero. See [Table 2l| In this manner, the conversion of general to 
canonical states is related explicitly to the STU model scalars. 
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D>0 

D <0 
D = 



5 



S + WD/lji 
S 

S - v^/c^i 

s 



T 
T 

T - ^\/lo2 
T 



1 + U + i^fD/L03 
l + U 

l + U- ^^/cc-a 
l + U 

\ + U 



Table 21: Freudenthal construction transformation parameters for the conversion of a general eight-parameter state to a five- 
parameter canonical form |115| . Here S, T, and U are the complex scalars of the STU model, D is the entropy, and the LOi are 
defined in | |9.76| . 



10. CARTAN-FANO-FREUDENTHAL DICTIONARIES 

10.1. Three descriptions 

The A/" = 8 black hole charges belong to the fundamental 56-dimensional representation of £'7(7) and the 
black hole entropy is given by 

S^TT^l (10.1) 

where J4 is Cartan's quartic invariant, the singlet in 56 x 56 x 56 x 56. We have seen that this invariant 
also plays the role of an entanglement measure on the QI side. So we need to study its properties in some 
detail. 

As we have discussed, there are three descriptions of the group -B7 and its quartic invariant that we will 
find useful: 



1. Cartan basis: 

D 50(8), 
56 28 + 28, 

74(2;, y) = - ti{xyf + \ (tr xyf - 4(Pf x + Pfy). 

where x^"' and yjj are antisymmetric 8x8 matrices and Pf is the Pfaffian. 

2. Freudenthal/ Jordan basis 

E7 D Ed, 
56 1 + 27+1 + 27', 



h{p°,P;qo,Q) = - 



where 
and 



p"go + tr(J3(P)o J3(g)) 
XoY = ^{XY + YX), 



X* ^X^- tiiX)X + i[(trX)2 - tr{X^)]t, 
where X is a member of Jordan algebra of degree 3. 



(10.2) 



(10.3a) 



(10.3b) 
(10.3c) 
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3. Fano basis 



Ej D SL{2y, 
56^(2,2,1,2,1,1,1) 
+ (1,2,2,1,2,1,1) 
+ (1,1,2,2,1,2,1) 
+ (1,1,1,2,2,1,2) 
+ (2,1,1,1,2,2,1) 
+ (1,2,1,1,1,2,2) 
+ (2,1,2,1,1,1,2), 
/4 = + 6^ + c4 + + + /4 + g4 





\- a^e^ - 






b^c^ + - 




h b^P 4 






1- c^e^ - 


h c^P 4 






F d^e^ - 


















4 


Pg' 



where 



etc; 



etc; 



etc. 



8 [abce + bcdf + cdeg + defa + efgb + fgac + gabd] 



= l^AiA2^BiB2^DiD4,^A3Ai^B3Bi^D2D3 

X aAiBiDiaA2B2-D2'^-43S3D3aA4S4£)4, 



^2^2 ^ l^AiA2^BiB3^DiD2^B2Bi^C3Ci^E3Ei 
X aAiBiDiaA2B2D2bB3C3E3bB4C4E4, 



abce 



; lgAlA4gSlS2gC2C3^DlD3jjS2£4gF3i=^4 
X aAiSiDi&B2C2B2CC3£l3J'3eS4F4A47 



(10.4a) 



(10.4b) 



[lOAc) 



(10.4d) 



(10.4e) 



(10.4f) 



Black holes are more conveniently described in either the Cartan or Freudenthal bases, whereas the Fano 
basis is tailored to the qubits. Hence it is important to find the three dictionaries that relate these three 
descriptions. First we discuss each description in more detail. 



10.2. Cartan-Fano dictionary 
10.2.1. Cyclic basis 

The dual Fano plane structure constants of Table 13 define antisymmetric matrices x^"' and yij according 
to the dictionary of |Table 22[ 

The 56 state vector coefficients, qabd through gcAC, Eire arranged in x^'^ and yu according to the 



octonionic multiplication table of the dual Fano plane, compare Table 12 with the matrices (10.5a I and 



(10.5b I below. This uniquely determines the rows of Table 22 



The positions of the binary indices in x^"' and yjj are specified by the columns of Table 22 The first 
column describes the position of 111 in x^^^ (and 000 in yij). Note, the first column consists of all pairs zO, 
i.e. the first row and column of x^'^ and yij. To understand the structure of the remaining three columns 
let us consider a specific example given by considering Alice's qubit A. For each row in Table 22 one can 
form a triple ijk from the pair iO, appearing in the first column, and any one of the remaining pairs jk 
in that row. We note that 715 is the unique triple common to rows aABDi ^efa f^nd gacAi the subsector 
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defined by the common qubit A. Then, in each case the non-trivial pair jk sits in the column labelled by the 
position of the common qubit. In our example this is A. Therefore the pair 57 belonging to row qabd sits 
in the 100 column where the position of A in ABD corresponds to the position of 1 in 100 or, equivalently, 
the position of in Oil. Similarly, 71 sits in the column labelled 001 because A is last in e^FA- Finally, 15 
sits in the column labelled 010 because A is second in gcAC- Repeating this procedure for the remaining 



six qubits, B through G, uniquely determines all the columns of Table 22 This procedure may be followed 
to construct the dictionary based on any octonionic basis. 





111 


010 


001 


100 


yij 


000 


101 


110 


Oil 


a-ABD 


10 


26 


34 


57 


bsCE 


20 


37 


45 


61 


CCDF 


30 


41 


56 


72 


doEG 


40 


52 


67 


13 


e-EFA 


50 


63 


71 


24 


Jegb 


60 


74 


12 


35 


9gac 


70 


15 


23 


46 



Table 22: The Cartan basis dictionary. The binary triples denote the indices on the 56 state vector coefficients, while the pairs 



give positions within the a;^"', 
by antisymmetry. 



yij matrices. These are the positive elements of x and j/jj, the remaining elements being fixed 



JJ 



yij 





-am 


-bill 


-Cm 


-dm 


-em 


—/in 


-.9iii\ 


am 





/ooi 


rfioo 


— coio 


5010 


—^100 


— eooi 


bill 


— /ooi 





ffooi 


eioo 


— rfoio 


floio 


— cioo 


Cm 


— c'loo 


—5001 





1001 


/lOO 


— eoio 


^010 


dm 


coio 


— eioo 


— flooi 





^001 


5100 


— /oio 


em 


— ffOlO 


rfoio 


— /lOO 


—^001 





cooi 


flioo 


/ill 


bim 


— ooio 


eolo 


—3100 


-cooi 





rfooi 


V.9111 


eooi 


cioo 


—^010 


/oio 


— OlOO 


— rfooi 


/ 


/ 


— flooo 


—^000 


—Cooo 


— c?ooo 


— Cooo 


—/ooo 


—.9000^ 


oooo 





/no 


rfoii 


-cioi 


fflOl 


-bmi 


-eno 


^000 


—/no 





5110 


eon 


— f^lOl 


Oioi 


-Con 


cooo 


—dmi 


-ffiio 





Alio 


/on 


-eioi 


bim 




cioi 


-eon 


— Quo 





&110 


5011 


— /lOl 


Cooo 


-.9101 


f^ioi 


—/on 


-6110 





Clio 


floii 


/ooo 


^011 


— flioi 


eioi 


-5011 


-Clio 





f^llO 


\3ooo 


eiio 


Con 


-6101 


/lOl 


— aoii 


—diw 


/ 


ictionary by writing / 






.,7}, (a" 


,a\... 





JJ 



aiii 





J = 


0, 




K 
010 


\I- 


^1 


= 3 or 4, 


K 
001 


\I- 


^1 


= 1 or 6, 


K 
100 


\I- 


^1 


= 2 or 5, 



^000 



yu 





J = 


0, 








K 
101 


|/- 


^1 


= 3 


or 


4, 


K 

no 


|/- 


^1 


= 1 


or 


6, 


K 

on 


|/- 


J\ 


= 2 


or 


5. 



(10.5a) 



(10.5b) 



(0,a, . . . ,g) and 



(10.6a) 



Here we have extended c'j. to djj^ by setting Cj^ 



whenever J(= j) and K{— k) are not equal to 0, 



while defining Cj^ to be zero whenever J or X is equal to 0. Alternatively, we may use the more compact 
formulation: 



JJ 



yij 



,K 



riiLCLjKa^(ij), 



,K 
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(10.6b) 



where j] is the 8-dimensional Minkowski matrix (negative signature), and and (f> are given by 




/ = or J 
else 



(10.6c) 



It may be useful to regard the eight components of each a' as a pair of quaternions. 



An alternative way of arriving at Table 22 is to note that each entry (ij) represents the row i and column 
j in which the letters a, b, c, d, e, /, g (or numbers 1, 2, 3, 4, 5, 6, 7) appear with a positive sign in the matrix 
of lTable 241 






-1 


-2 


-3 


-4 


-5 


-6 


-7 


1 





4 


7 


-2 


6 


-5 


-3 


2 


-4 





5 


1 


-3 


7 


-6 


3 


-7 


-5 





6 


2 


-4 


1 


4 


2 


-1 


-6 





7 


3 


-5 


5 


-6 


3 


-2 


-7 





1 


4 


6 


5 


-7 


4 


-3 


-1 





2 


7 


3 


6 


-1 


5 


-4 


-2 






Table 23: The numerical Fano plane multiplication table. 






-1 


-2 


-3 


-4 


-5 


-6 


-7 


1 





6 


4 


-3 


7 


-2 


-5 


2 


-6 





7 


5 


-4 


1 


-3 


3 


-4 


-7 





1 


6 


-5 


2 


4 


3 


-5 


-1 





2 


7 


-6 


5 


-7 


4 


-6 


-2 





3 


1 


6 


2 


-1 


5 


-7 


-3 





4 


7 


5 


3 


-2 


6 


-1 


-4 






Table 24: The numerical dual Fano plane multiplication table. 



The 8x8 gamma matrices jjj in seven dimensions, which satisfy the Clifford algebra 

{f,-fi} = 2S'n, (10.7) 

can be written in terms of the octonionic structure constants. The hermitian (purely imaginary and anti- 
symmetric) gamma matrices in seven dimensions can then be chosen as 

Yjj = t {c\j ± SuSjo T S^jSio) , (10.8) 

where the signs are correlated. 

The antisymmetric products of gamma matrices are defined as usual, with unit weight, viz. 

yj-fc ^^[iy...^fc]^ (10.9) 

The antisymmetric self-dual and anti-self-dual tensors c^jxl^ (^t Ji ■ ■ ■ — 0; li 2, • . . , 7) in eight dimensions 
will be defined as: 

4jki = (^^3ki, and c±^o = zbcyfe. (10.10) 
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With the above choices of gamma matrices one finds 

Note that do not form an 8 x 8 representation of the octonions; 

{-il'')iK{-il')K,j = S'-'Sij - i'lj 

which is to be compared with 

Whereas 



(10.11) 

(10.12) 

(10.13) 
(10.14) 



Accordingly one can rewrite (10.6a I as 



„JK 



-17 



iJK 



< i 


K 


= 0, 




"^010 


\J 


-K\ 


-3, 


'^001 


\J 


-K\ 


= 1, 




\J 


-K\ 


= 2, 



yjK 



^011 



K = Q, 
\J-K\^?,, 
\J-K\ = l, 
\J -K\ =2. 



(10.15) 



10.2.2. Binary basis 

So far we have used the cychc basis of Table 9 to describe the octonions. However, for some purposes, it 
is more convenient to use the binary basis. The addition table for the numbers to 7 written in binaries is 
given by [Table 25] or equivalently [Table 26] This defines the octonionic multiplication table in the binary 





000 


001 


010 


oil 


100 


101 


no 


111 


000 


000 


001 


010 


on 


100 


101 


no 


111 


001 


001 


000 


oil 


010 


101 


100 


111 


no 


010 


010 


oil 


000 


001 


110 


111 


100 


101 


oil 


oil 


010 


001 


000 


111 


110 


101 


100 


ICQ 


100 


101 


110 


111 


000 


001 


010 


on 


101 


101 


100 


111 


110 


001 


000 


on 


010 


110 


110 


111 


100 


101 


010 


on 


000 


001 


111 


111 


110 


101 


100 


oil 


010 


001 


000 



Table 25: Binary addition table. 

basis. The non-vanishing independent components of the octonionic structure constants Cijk and their duals 
cimno are then given by Table 27 In this basis, it follows from (8.46 1 that there exists a O^ j — ±1 such that 



the imaginary octonions obev (28j 

where 
and 



(10.16a) 
(10.16b) 
(10.16c) 



The binary structure constants of Table 27 define antisymmetric matrices x^'^ and yu according to the 



dictionary of Table 28 namely (10.17al and (10.17b I. The dictionary specified in Table 28 may be derived 
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1 2 3 4 5 6 7 









1 


2 


3 


4 


5 


6 


7 


1 


1 





3 


2 


5 


4 


7 


6 


2 


2 


3 





1 


6 


7 


4 


5 


3 


3 


2 


1 





7 


6 


5 


4 


4 


4 


5 


6 


7 





1 


2 


3 


5 


5 


4 


7 


6 


1 





3 


2 


6 


6 


7 


4 


5 


2 


3 





1 


7 


7 


6 


5 


4 


3 


2 


1 











Table 26: 


The decimal version 


oflTable 251 









i j k I m n o 



1 


2 


3 


5 


4 


7 


6 




2 


5 


7 


3 


1 


6 


4 




3 


7 


4 


6 


5 


1 


2 




4 


1 


5 


2 


6 


3 


7 




5 


3 


6 


7 


2 


4 


1 




6 


4 


2 


1 


7 


5 


3 




7 


6 


1 


4 


3 


2 


5 




Table 27: Structure constants c^jT; 


read off from|Table 26| 


and the associator coefficients 




computed using 


l(a22|. 



using the procedure described in [section 10.2. 1[ Note that, in this case, [Table 28] corresponds precisely to 
the array of 28 pairs appearing on page 28 of ^5] . 



yij 



( ^ 


-am 


-foiii 


-Cm 


-dm 


-em 


—/ill 


-5iii\ 


Olll 





ClOO 


— ^100 


eioo 


— rfioo 


—5100 


/lOO 


bill 


^Cioo 





OlOO 


/oio 


5010 


— rfolo 


— eolo 


Cm 


^100 


— OlOO 





.9001 


— /ooi 


Cooi 


— c'ooi 


dm 


— eioo 


— /olo 


-5001 





floio 


^010 


coio 


em 


c^ioo 


—5010 


/ooi 


— floio 





—Cooi 


^001 


/ill 


5100 


f^oio 


— Cooi 


— ^010 


cooi 





— flooi 


\5iii 


— /lOO 


eolo 


c^ooi 


— colo 


— &001 


flooi 


/ 


/ 


—flooo 


—^000 


—Cooo 


—dooo 


—eooo 


—/ooo 


—5000^ 


aooo 





Con 


-^011 


eon 


— f^Oll 


-5011 


/on 


^000 


-Con 





floii 


/lOl 


5101 


— c^ioi 


-eioi 


cooo 


boil 


— floii 





5110 


—/no 


Clio 


—duo 




-eon 


— /lOl 


-5110 





^101 


^101 


ClOl 


eooo 


rfoii 


-5101 


/no 


— flioi 





-Clio 


&110 


/ooo 


5011 


c^ioi 


-eno 


-bwi 


Clio 





— Alio 


\5ooo 


—/on 


eioi 


duo 


-cioi 


-6110 


Olio 


/ 



(10.17a) 



(10.17b) 



Kallosh and Linde have shown that in a canonical basis /4 depends on 4 complex eigenvalues represented 
as Cayley's hyperdeterminant of a hyperniatrix aABD- Looking at (8.2) we note that only the S0{8) 
symmetry is manifest, yet it was proved in [162j and |62] that the sum of all terms in (8.2 1 is invariant under 
an SU (8) symmetry, which acts as follows 



(10.18) 



The total number of parameters is 63; 28 are from the manifest 50(8) and 35 from the antisymmetric 
self-dual Y^ukl — Thus one can use the SU{?>) transformation of the complex matrix x^^ + iyu 
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X 


111 
ill 


100 


010 


001 


yij 


000 


on 


101 


no 


a-ABC 


10 


23 


45 


67 


bABE 


20 


31 


46 


57 


CAFG 


30 


12 


47 


65 


dsDF 


40 


51 


26 


73 


sbeg 


50 


14 


72 


36 


fcDG 


60 


17 


24 


53 


9CEF 


70 


61 


25 


34 



Table 28: The binary Cartan dictionary. As with the cyclic dictionary of |Table 22| the binary triples denote the indices on the 
56 state vector coefficients, while the pairs give positions within the x^'' , yjj matrices. These are the positive elements of x^'^ 
and yij, the remaining elements being fixed by antisymmetry. 



and bring it to the canonical form with four eigenvalues A^, a = 1,2,3,4. The value of the quartic invariant 



.21 will not change. 



( 


Ai 

















0\ 


































A2 




















-A2 
































A3 




















-A3 
































A4 


V 

















-A4 


0/ 



(10.19) 



The relation between the complex coefficients Aq, the parameters x^'^ and yij, the matrix aABD and the 
black hole charges and qk [3] is given by the following dictionary: 



Ai = x"^ + ij/01 = am + jflooo 
A2 = x^^ 



+ W2Z = aioo + «aoii = -p 



qo + W 
3 



A3 = 



„56 



zaioi 
zaiio 



P 



A4 = X"" + = -flooi - laiiQ = p 
If we now write the quartic -^7(7) Cartan invariant in the canonical basis 



,0, 
iqi. 



(10.20) 



-{x^^ym + x^^y2z + a;^^y45 + x^'^yeif 
+ 4(a;"ix2^2/oi2/23 + a;°^x*^yoiy45 + 2/232/45 
+ x°^x^'^yoiy67 + x23x'^^2/232/67 + a;''^ 3:^^2/452/67) 

- iix^^X^^X^^x"^^ + 2/012/232/452/67), 



then it may be compared to Cayley's hyperdeterminant (4.33a). We find 

I4 ^ — Det a. 



(10.21) 



(10.22) 



The above discussion of i?7(7) also applies, mutatis mutandis, to E-^^C). 

Evidently, this particular representation of the 56 emphasises certain aspects, such as the Fano plane 
structure, which are not clear in the other representations considered (see Appendix D for the an example 
of how the symmetries of the Fano plane are manifested in the black hole entropy using the Fano basis) . 
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10.3. Freudenthal-Fano dictionary 

Let us now construct the analogous dictionary relating the 56 charges in the Freudenthal basis with 
the 56 state vector coefficients specifying the tripartite entanglement of seven qubits. See also fT7. It is 
instructive to consider the chain of group decompositions E-jtj) E, 
(9.201 we have that the 56 decomposes as 



6(6) 



50(4,4). Combining (9.46) and 



56 



1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 8s + 8c + 8v + 8s + 8c + 8v 



(10.23) 



under E^^r) D S'0(4,4). 



Combining this with the STU embedding in the FTS (9.521, the decompositions (9.46) and (9.20), and 



the dictionary as given in (4.33a I it is clear that the 8 state vector coefficients, aABD, are associated with the 



8 singlets appearing in (10.23). Now, consider the subgroup containing the three copies of SL(2) associated 

(10.24) 



with the tripartite entanglement of qubits A, B and D, 

E^r) ^ SL{2)a X SL{2)b x SL{2)d x 50(4,4), 



under which, 



56 



(2,2,2,l) + (2,l,l,8v) + (l,2,l,8s) + (l,l,2,8c). 



(10.25) 



We note that qubit A transforms as doublet with the 8„. This suggests that we associate the subsector 
defined by the common qubit A, namely aABD\ABD) + eEFA\EFA) + gGAc\GAC) , with the 8v. This is 
one of the consistent A/" = 4 truncations of the full A/" = 8 theory, the 24 black hole charges transforming as 
a (2,12) of 5^(2)^1 x 50(6,6) [B]. Repeating this analysis for qubit B leads us to identify the bscE and 
fpGB with the 8s, while considering D we identify ccdf and do eg with the 8c. 

To specify more precisely the dictionary between {cefa, Qgac) and (P^,, Qv), {bscE, Jegb) and (P,, Qs), 
and finally, {ccDF,dDEG) and {Pc,Qc), we begin by noting that the 8 charges of the STU model may be 



arranged in a cube as depicted in Figure 4 Following |197j , the cube may be partitioned into a pair of 2 x 2 
matrices, {Mi,Ni) in three independent ways. These are given by the three possible slicings of the cube 
along its planes of symmetry. 



Ml = 

Ah - 

M3 = 



-P 92 

qi qo 

-P^ 93 

92 90 



iV, = 



N. = 



-P 

93 

-p' 

92 

91 



For any element. 



r s 
t u 



1 < i < 3, 



the action on the cube is given by 



(M„ N,) ^ (rM, + siV„ tM, + uN,). 



(10.26a) 
(10.26b) 
(10.26c) 

(10.27) 
(10.28) 



The individual actions of the three SL(2)i all commute and, therefore, this provides a natural representation 
of [527(2)]^ ^1971 . Define the three binary quadratic forms, one for each slicing. 



f,{x,y)^det{M,x + N,y), 



1 < z < 3. 



Explicitly 



/i = -(9291 + P^9o)a;^ + {p-q- 2p\3)xy - (p^p^ - p°q3)y^, 
.12 = -(9193 +P^9o)a:^ + (p • 9 - '^p'^q2)xy - {p^p^ - p°q2)y'^, 

fs = -(9392 +p^9o)2;^ + {p-q- 2p'^qi)xy-~ {p^p^ -p°qi)y^- 



(10.29) 



(10.30) 
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These quadratic forms may also be systematically derived using transvectants as presented in Appendix A 
Each one is invariant under two of the three factors in [S'i(2)]"^. For example, /i is invariant under the 
subgroup {idi} x 5^2(2) x SL3{2) C [SL(2)]^. Taking the determinant of the Hessian, H{fi), which is 
actually given by 7* (a), as defined in ( 4.35[ ), yields Cay ley's hyperdeterminant 



det H{f,) = det 



{fi)xx 
{fi)yx 



{fi)xy 
{fi)yy 



det 7* (a) 



Det a ABC, 



1 < i < 3. 



(10.31) 



Now, consider keeping {p\qi) and only one of {Ps,Qs), {Pv,Qv) or {Pc,Qc) and computing I4 from the 
FTS. Recall, this gives us the entropy of one of the three Af = A subsectors as defined by one of the three 
qubits. A, B or D. Keeping only (p*, g^, Py, Qv), the A/" = 4 subsector defined by the common qubit A, one 
finds 

h = 4(p2pi _ /(Z3)(92<Zi +^'90) - 4(p.g - 2p3g3)2 + AP.^Q,^ ~ {P^ ■ Q^f (10.32) 
- 4(p2pi _ /q3)Q„2 _ 4(^2^^ + p\o)Py^ ^A{p-q- 2p\^)P, ■ Q,, (10.33) 

where Pv^ = PvPv and 2Pv ■ = {PvQv + QvPv)- The terms involving (p*, qi) correspond to j'^ia), which 
is correctly associated with qubit A, via the dictionary (4.33a I, 

2(pV-A3)--7'(a)oo, 



2(gi'72 +P^9o) = -7^(0)11, p-q~2p^q3 = 7^(a)oi. 



(10.34) 



This agrees with the conclusions drawn from the decomposition given in (10.251. Keeping either (P^jQs) 
or (P'^jQc) instead would have resulted in a different associated slicing of the cube Figure 4 and, hence, 
matrix 7'(a). We then identify {gGAC^EFA) with {Pv,Qv) such that 



P, 



7^(5)00 + 7^(e) 



00 7 



7' (5) 11+ 7' (e) 



11: 



n-Q. =7^(5)01 +7^ (e)oi, 



(10.35) 



where, for example, the index on 7^(17) is determined by the position of the common qubit A in the corre- 
sponding tripartite subsystem, GAC. Computing one finds 



/4-det(7i(a) + 7'(e)+7'(3)) 
where products like 



Det a - Det e - Det g + 2{a^g^ + a^e^ + e^g^), 



a2g2 ^ l^AiAi^BiB2^DiD2^E3Ei^F3Fi^A2A3 
X aAiBiDiaA2B2D2eE3F3A3eE4F4A4, 



(10.36) 



(10.37) 



describe the entanglement between two tripartite subsystems connected by a common qubit, in this case 
A. This may be repeated for the remaining two cases, keeping {Ps,Qe) or (PcQc), associated with the 
common qubits B and D respectively, to construct the whole dictionary ^ For each of the seven possible 
A/" = 4 subsectors one obtains the appropriate result, analogous to (10.361, as presented in (10.401. 



We are now able to select any particular subsector of the full J\f = 8 theory by choosing the appropriate 
components of the FTS and systematically determine the corresponding qubit system and its measure of 
entanglement. 

In summary the dictionary is 



pi , p2 p3 ^ 
= (flo, — ai, —02, —04, aj, Og, 05, fls), 

Pv — igaaceEFo), Qv ^ {gcic^EFi), 

Ps — {fFGa,boCE), Qs = ifFGl,blCE), 
Pc = (doEG, Ccqf), Qc ~ (dlEGjCciF), 



(10.38) 



®Notc, determining the precise form of the full dictionary and verifying that it does indeed give the stated results was done 
explicitly using Mathematica. 
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where explicitly (see Tables 29 and 30 ) 



do di 

d2 ^3 

Co Ci 

C4 C5 

/o /2 

/4 /e 

bo bi 

30 91 

94 95 

eo 62 

64 66 



p3 

p3 
^ s 
p6 
^ s 

^ V 

p5 



p^ 

P'c 
p2 
^ c 

p7 

^ c 

p7 

^ s 
p2 
^ s 

P! 

P! 

p4 

pi 



p2 , p6 
p7 _ p3 



pi _ p5 
^ c ^ c 

po + P4 

'P^c - Pi 

P!~PI 
P! + P! 
P! + Pi 

p4 _ pO 

Pi + Pi 

p5 , pi 
pO _ p4 

V V 

p7 ^ p3 

V ' V 

p2 _ p6 



de 



d5 
dj 



C2 C3 
Cg C7 



/l 

h 

64 

66 



/3 
/7 

67 



-Qt 
Ql 
Ql 

Q\ 
Qi 



Qt 
Ql 
Ql 
Ql 
Ql 
Ql 
Ql 
Ql 



92 93 

96 97 

61 63 

65 67 



Qv Qv 
Qv Qv 
Qv ~^ Qv 
Ql-Ql 



The M = A subsector invariant under SL{2)x x 5*0(6, 6) is given by 



^dac 


= det{j\d)- 


t- 73(a)- 


l-7'(c)), 


X = 


D 


lebd 


^ det(7i(e) H 


K7'(fe)^ 


'I'id)), 


X = 


E 


Ifce 


= det(7^(/)- 


f7'(c)- 


^7^(6)), 


X = 


F 


Igdf 


= det(7i(5)- 


1- 73(d) - 


H7'(/)), 


X = 


G 


laeg 


= det(7i(a) - 


H7'(6)- 


l-7'(5)), 


X = 


A 


hfa 


= det(7i(fe)H 


-I'if)- 


^7'(a)), 


X = 


B 


Icgb 


= det(7i(c) H 


-7'(ff)H 




X = 


C. 



In terms of a\gjj, we may write these in two different ways, for example 

Idac = det(7i(a4) + j%a') + 7'(a^)), X = D, 



where 



or 



where 



'^DEG — doEG, 

O'ABD — 0-ABD, 
3 

Idac^dei{^\a^) + l\a^) + l\oI')), 

'Ad EG = do EG, 

'''DAB ^ "'ABD, 
,3 



X = D, 



Ql-Ql 
Ql + Qt 
-Ql~Ql 
Ql-Ql 
Ql + Ql 
Ql + Ql 
Qi-Ql 
Ql + Ql 
Ql + Ql 
Qv Qv 
Ql + Ql 



(10.39) 



(10.40) 



(10.41) 



(10.42) 



(10.43) 



(10.44) 



O'DFC — CCDF, 

in which case the result is connected to Cayley over the imaginary quaternions 

Idac = Beta = -le^lA,^B^B,^A,A,^B,B,^C^C,^C,C, 

X "Ai Si Ci -B2 C2 '^As B3 C3 °^AiBi Ci ^kl ■ 

However, the dictionary (10.421 can be applied universally to all the lijk in (10.401 whereas the dictionary 



(10.45) 



(10.441 requires changing for each one. For example, one can write 



Icbd = det{j\a') + j\a^) + j\a^)), 
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X ^ E, 



(10.46) 



but now we require a different a^: 



5 

(^EFA — SeFA, 



a%BC = bBCE, (fO.47) 



°'%GD — d-DEG- 



So this dictionary does not lend itself to describing the Af = S invariant. 
10.4- Cartan-Freudenthal dictionary 



The Cartan-Freudenthal dictionary may be found in Table 32 and the reverse (Freudenthal-Cartan) may 
be found in lTable 311 
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o 



O 
l-iH 



O 



o 
a 



03 

CP 



Si, Cl< 



a, &< 



Si, Cl< 



I + 



:-l|CN:-l|CN 

I 



I + 



a, a, 



a, a, 



a, a, 



a, a," 



I + 



+ I 
O O 



a, a. 



H|CN)rH|(M 

I 



-l|C<frH|(M 



rH|(MrH|CN[ 



r-IICNrHlCN 



91 





>^ 






* ai^ CO 




1 + 


1 1 


1 + 
■td Id 


CI ^ 








<C)<0 

Cn OlCn CO 




1 + 


1 1 


+ 


c; to 




ai to 


<o<o 


^ co^ to 


■td ^3 

e tie w 


1 + 
<o<o 


+ + 


+ 

■td 'td 

e roe 


to to 

-J CO 




re re 

CO 




<o<o 

to COto to 


e loe CO 


1 + 
o<o 


+ + 
<o<o 


+ 



o o" o 

I I 



0-1 w 



I I 



I I 

I I 



cc>- to 



cr;^ CO 



tO>- --3 



<o<o 

n ccr; to 



n c; r; CO 



n tor; --j 



I I 

to Oi* Oi 



I I 



to O 

+ + 



kC3 "TS 



92 



a 



-T3 
1:3 

o 



a 



CP 



1:3 
o 



+^ 

Eh 

o 



Si, 



Si, Ci< 



a, a. 



+ I 

CO CO 

o o 

-I|(M>-I|(M 



+ I 



I + 



33 



+ I 

lO LO 

CO (TO 



a, a, 



+ I 

O O 
T-l|iM^|(M 

I 



CO CO 



a, a, 



CD CD 
CO CO 



T-I|C*-I|(N 

I 



a, a,' 



+ I 



a, a," 



CO CO 



a, a," 



I + 

to to 

-l|C*-l|(N 

I 



a, a. 



Pi Pi 



UCO Ob- 



+ I 

-l|CNtrH|(M 



Ps Pi 



-H|C<»rH|(M 
I 



-H|CNrH|CN 



CO CO 
pi pi 
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^ "Ta 'TD "T) "TD "la 
og to^^ 

+ 1 + 1 I I "^oO 

'T3 'T3 ^ ^ ^ 'T3 
if^s o^e f^n'^o^a, 



I I 

tO~; ^.-^ h4-~- 0^.r^ Of^ 



I o >e 



"Ta "13 "Ta "Ta ^ "Tj 

Oig cnS og (oS *-o -!» 



I I 

O <0<0<0 

n CO r; i-'C we i-" ^ "^cb 

I i I I I o + I 



I 

0<0<0 O "Ta "13 

I I I i o I + + 

<000 <C) ^3 JTa 



I I 

0<0<0 O "Ta "la 

I I I Ofi + I I 



n -vj o^f: ion oi^ci "^c^ 

I o + + I I I 



o o o o ^ ^ 

n h-i n GO'S I— 'tS CO 'cc ~^cn 

+ 01 + 1^1 I 



<0 OO-C)^^ 

O I g I I + I I 



o <o <o o o o 

OCT! coci ton on c;:^ i— ' 



O <0 O C) <o o 

ci rf^fti -<j<- OiCi hj^n tofti cji 



I I 

O <0 <0 C; <0 O 

tocn h- '<s on ion j^^y. -j 

+ I I I I I ' 
o <o <o <o <o O 

c2 oi!>3 cici CIO oc« CO 



/T3 J;g <o <o 



I I I o 



"t) "13 'T3 'T3 <0 <0 



"la O <0 

I + I o + I I 



^3 "Ta "^3 

>t^ce Cioj 



•13 



,^3 /?3 ;t3 ^ <o <o 

tOto -a^ o too o 



I I c ^ 



'T3 '13 '13 

OS J cng if^ J 



O OlO h}^ 



13 ^'t) ^3 13 "O O 
Ho+ O I I + + I 
--lO "^ft. "^cn <-"0 c* rf^^e to 



I I I 

'13 'Tl '13 O <C) 

oin Wo"'s"e » ciTco CO 

I O I I I 4 1 I 



I 

I3 '^ ^ o o 

o I 4 I + I I I 

I3 " I3 I3 "t) o o 

""o o>S if^S "o e oie o 



O 

EC 
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11. CAYLEY, CARTAN AND THE OCTONIONS 

11.1. Af = 4 Cartan invariant and the quaternions 
Define 

Pf^u = P^.Q. - Qf^P., (11.1) 

where = 0, 1, 2, 3; then Cayley can be written 

- Det a = iP^.P"'^ = P'Q^ - (P • Qf, (11.2) 

where we use the 50(2,2) metric. This is the M = 1 expression invariant under SL{2) x 6*0(2, 2). Now 
define 

p^J' = p;Qi-Qipi, (11-3) 

where i = 1,2, 3, then 

- Det a = ^P^J^P^"'^ = P^Q"^ - (P . Qf, (11.4) 

where wc now use the 50(6,6) metric. This is the Af = 4: expression, invariant under SL{2) x 50(6,6). 
So if we write 

- Det a = lp^/^P''^'='Xij«, (11.5) 

we need 

^ijkl = SikSjl + • • • , (11.6) 

where the dots refer to terms that vanish when contracted with P^^^'^^ P^^'^'^K Note that Xijki is symmetric 
under 

i ^ j ; k ^ I, 

i ^ k; j ^ I, (11.7) 
i ^ I ; j ^ k. 

11.2. Cayley over the imaginary quaternions 

If we denote the imaginary quaternions by ei where i = 1,2, 3, the structure constants are defined by 

ejCj = -5ij + Eijkek. (11.8) 

and so we obtain the quartic expression 

eieje^ei = ( 5ij -\- Sijm^m}{ ^kl ~t~ ^kln^n) 

— ^ij^kl ^ijm^klm ^ij^kln^n ^kl^ijm^m ~t~ ^ijiri^kln^mnp^pf 

or 

eieje^ei = SijS^l ^ik^jl ~t~ ^U^jk ^ij^kln^n ^kl^ijm^m H~ ^ijm^kln^mnp^p- (11.10) 

The combination 

^i^j^l^k ~t~ ^i^k^j^l ^ij^kl ~t~ ^ijm^klm ~t~ ^ij^kln^n ^kl^ijm^m 

^ijm^kln^mnp^p ~t~ ^ik^jl ^ikm^jlm (H.H) 
^ik^jln^n ^jl^ikm^m ^ikm^ jln^mnp^p' 



(11.9) 



yields 



eiCjeiek + eiekCjei = SijSki - SuSjk + SikSji 

~\~ ^ij^kln^n ^kl^ijm^m ^ijm^kln^mnp^p 

+ SikSji - SijSki + dildjk (11.12) 

^ik^jlnen ^jl^ikm^m ~t~ ^ikm^jln^mnp^p 

= "^SikSji + • • • , 
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where the dots refer to terms that vanish when contracted with P^^^-' 



quaternions in the form 



Det a 



So Cayley over the imaginary 
(11.13) 



yields the TV = 4, SL{2) x SO{Q, 6) invariant. 

In terms of the a's, on the other hand, the M = A invariant is given by ( 10.45 1 . So we require the different 
ordering 



where the dots refer to terms that vanish when contracted with 



2" 
X a\ 



MiSi_DiaA2B2-D2 

Let us consider the case where we choose the imaginary quaternions to be 

q = aei + ee^ + gej . 



(11.14) 

(11.15) 
(11.16) 

(11.17) 



In order to define Cayley over imaginary quaternions one needs to be careful with the ordering of the indices 
in gabd, gefa and goAC when contracting them with e^^^^ , etc in (11.15). The final result is given by 

— Det a = 





h o^oi - 


h o^oi - 


h OgOf 


h 6i6l H 


^ 6iei 


+ 44 H 


h 6^6? - 


^ 5I54 - 


^ 5l5i - 


t- 5?5i H 


^ 5o57 


+ 2(02056364 H 


h 01056364 - 


h 02056265 - 


h 01006265 - 


1- 03046160 H 


1- 00076165 


+ 03046067 H 


h 00076067 - 


1- 02055354 - 


1- 01065354 - 


1- 63645354 H 


1- 62655354 


+ 03043255 H 


h 00073255 - 


1- 61665255 - 


1- 60675255 - 


1- 02055136 H 


h oi065i56 


+ 63643156 H 


h 626551^6 - 


h 03045057 - 


1- 00075057 - 


1- 61663057 H 


t- 60675057 ) 


— 4(05066264 H 


h 01026365 - 


h O4O76066 - 


h 00036167 - 


1- 05003134 H 


1- 63655154 


+ 0407^055 H 


^ 61675055 - 


1- O1O25356 - 


1- 62645356 - 


1- 00035237 H 


^ 60665257 ) 


+ 4(00030506 H 


- 01020407 - 


- 04076264 - 


1- 00036365 - 


1- O5O66066 H 


h 60636560 


+ 01O26167 H 


h 61626467 - 


h 04073154 - 


1- 61673134 - 


K 05065035 H 


K 63655055 


+ aoasgsge H 


K 60665356 - 


1- 50535556 - 


1- 01025257 - 


1- 62645257 H 


^ 51525457 ) 


— 2(02030405 H 


h 01030400 - 


h 01O2O5O6 - 


1- 00030407 - 


1- 00020507 H 


h 00010507 


+ 03O46364 H 


h O0O76364 - 


1- 03O46265 - 


1- 00076265 - 


1- 62636465 H 


h 02056166 


+ O1O66166 H 


h 61636466 - 


h 61626566 - 


1- 02056067 - 


1- 01066067 H 


h 60636467 


+ 60626567 H 


h 60616067 - 


1- 03O45354 - 


1- Oo 0753 54 - 


1- 61605354 H 


1- 60675354 


+ 02055255 H 


h 01065255 - 


1- 63643255 - 


1- 62655255 - 


1- 52535455 H 


t- 03043136 


+ aoargwe H 


^ 6i665i56 - 


1- 60675156 - 


1- 51535456 - 


1- 51525556 H 


1- O2O53037 


+ oi065o57 H 


h 63645057 - 


1- 62653057 - 


1- 50535457 - 


1- 50525557 H 


1- 5o5i5657), 



(11.18) 



which is twice the TV = 4 subsector of /4 where we keep the letters o, 6 and 3 with the common qubit A. 
The factor 2 comes from equation (11.141. 



A/" = 8 Cartan invariant and the octonions 
Here we adopt the imaginary octonions, 6^ where i 
constants Cijk 



1,2,3,4,5,6,7, with the dual Fano structure 

(11.19) 



We have the same identities as for the Fano structure constants in [section Ol 

[ci, [ej,ek]] + [6fc, [ei.Cj]] + [cj, [ek,ei]] 

— '^(.^j km^imn H~ C-ijm^kmji H~ ^kim^jmn^^n 
— '■ '^^ijkl^h 
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(11.20) 
(11.21) 



where Cijki satisfies 
and 

We also note 
and 



^ijkl ~ ^mij^mkl ^il^jk ~t~ ^ik^jh 
^ijm^klm ^ik^jl ^il^jk ^ijkh 



(11.22) 
(11.23) 

(11.24) 



(11.25) 



^ilm^kj ~l~ ^jlm^ki 
^imk^lj H" ^jmk^li- 

With regard to non-associativity, there are two cubic possibihties: 

(^Bi€j^€}^ — ( ^ij ~\~ ^ij'm^"iTi)^-k 

— ^ij^k ^ijmi, ^'mk H" ^rakn^n) 

— ^ij^k ^ijk H" ^ijm^mkn^n 
^ijk ^ij^k ~l~ ^ki^j ^jk^i ^ijkl^h 

Gii^BjEk) — 6j( Sjk: ~\~ Cjkm^rri) 

— ^jk^i H" ^jkm{ ^im H" ^imn^n) 
^jk^i ^jki ~l~ ^jkm^imn^n 

— ~Cijf- 

- SijCk + SkiBj - SjkGi + ^ijkl^l • 

Note that they differ only by the sign of the associator term. Similarly, there are five quartic possibilities: 



(11.26a) 



(11.26b) 



{eiej){ekei) = {-Sij + Cijmem){-Ski + CkinGn) 

— ^ij^kl ^ijm^klm ^ij^kln^n ^kl^ijm^m ~t~ (^ijm^kln^vanp^p 
= ^ij^kl — ^ik^jl + ^il^jk + Cijkl 

^ijCkln^n ^kl^iju^n ~t~ ^kli^j Cklj€-i CklmCijmnCn^ 

[{eiej)ek]ei = [SijCk - Cijk + 

^ij^kl ^ijm^mkl ^ij^kln^n ^ijk^l H" ^ijn^nkm^mlp^p 

= SijSki - Sik6ji + Sildjk + Cijkl 

SijCj^ln^-n H" Sif^CjijiCfi Sjf^CHnBn CijkBl Cij kmCmln^n ^ 

ei[ej{ekei)] = ei[-Skiej - Ckij + CkimCjmnen] 
= SijSki — SikSjl + SilSjk + Cijkl 

- Ski CijnCn H" SjkCHjiCji SjlCkinCn CjklC-i CjklmCmin^m 

ei[{ejek)ei] = ei[-5jkei - Cjki + Cj^nCriimCm] 

— SjkSil ~^ ^jkn^nli ^jA^^'i/n^n Cjkl^i ~\~ Cj knCnlmCimpCp 

= SijSki — SikSjl + SilSjk — Cijkl 

SklCijnCn ~\~ SljCiknCn SjkCHnCn CjklCi -\- CjklmCminCrii 
\Ci{Cj€.k)\ci = [ SjkCi Cjki H~ Cj kmCimnCn\ci 

= SjkSil - 

CjkmCiml ^jkC-Un^n Cjki^-l + C-jkmC-imnC-nlp^p 

= SijSki - SikSjl + SilSjk - Cijkl 
-Sij 

CklnCn H" SkiCji'nCji SjkCHjiCji CijkCi -\- CijkmCmlnCn' 
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(11.27a) 



(11.27b) 



(11.27c) 



(11.27d) 



(11.27e) 



Note again that the real parts of ( 11.27a), ( 11.27b I, ( 11.27c I differ from the real parts of (11.27dl,(11.27el 



by the sign of the associator term. The real parts of all the multiplication orderings ( 11.27al-( 11.27e I are 
invariant under (11.71. The imaginary part of (11.27a) is cancelled by itself under this symmetry. The 



imaginary parts of (11.27b I and (11.27c I cancel each other under this symmetry. The imaginary parts of 



(11.27dl and (11.27e) also cancel each other under this symmetry. Note also that for these real parts, there 



are six distinct combinations since 



SijSki — SikSji + SilSjk + Cijki, 

SijSki + SikSji — SilSjk — Cijki, 
—SijSki + SikSji + SilSjk — Cijki, 

SijSki + SikSji — SilSjk + Cijki, 
—SijSki + SikSji + SilSjk + Cijki, 

SijSki — SikSji + SilSjk — Cijki, 



(11.28) 



and that the remaining 18 permutations are obtained from these by (11.7). Note that the combination 



eiCjCkCi + CiCkCiej ^ SijSki - SikSji + SuSjk + Cijki 
+ SikSij — SiiSkj + SijSki + Cikij 
= '^{St'jSki + Cijki). 



(11.29) 



Since the A/" = 8 Cartan invariant is just the singlet in 56 x 56 x 56 x 56, it follows from (8.44) that it may 



be expressed as a linear combination of the five quartic products given above. In analogy with (11.14), one 



might be tempted to construct the A/" = 8 invariant by contracting (11.29) with (11.15). However, although 
the new associator terms generate new 4-way cross terms of the kind 



ahce + bcdf + cdeg 
they cannot be the correct 4-way cross terms of 



defa -j- efgb -j- Jgac + gabd 



(11.30) 



different from the Cayley form 



.30), because the way that the epsilons are contracted is 
.28 ) used in ( 11.15 ). So although the Af ^ 4 Cartan invariant may be given 
by Cayley over the quaternions, and although the J\f = 8 Cartan invariant is given by a quartic product 
over the octonions, it is not simply given by Cayley over the octonions. 
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12. FIVE-DIMENSIONAL BLACK HOLES 



12.1. Five- dimensional supergravity 
In five dimensions we might consider: 

1. N —2 supergravity coupled to I vector multiplets where the symmetry is 50(1, 1, Z) x SO{l — 1, 1, Z) 
and the black holes carry charges belonging to the {I + 1) representation (all electric) . 

2. M — A supergravity coupled to m — 1 vector multiplets where the symmetry is 5*0(1, 1, Z) x SO{m — 
1, 5, Z) where the black holes carry charges belonging to the (to + 4) representation (all electric). 

3. A/" = 8 supergravity where the symmetry is the non-compact exceptional group £'5(6) (^) E^nd the black 
holes carry charges belonging to the fundamental 27-dimensional representation (all electric). 

The electrically charged objects are point-like and the magnetic duals are one-dimensional, or string- 
like, transforming according to the contragredient representation. In all three cases above there exist cubic 
invariants akin to the determinant which yield the corresponding black hole or black string entropy. 

In this section we briefly describe the salient properties of maximal J\f — 8 case, following |157| . We have 
27 abelian gauge fields which transform in the fundamental representation of £^6(6)- The first invariant of 
£6(6) is the cubic invariant (9.18) which may also be written as [1621 11981 11571 [5U1 1199] 

h{Q) = q^,n^'qlmn"'''qnpnP\ (12.1) 

where Qij is the charge vector transforming as a 27 which can be represented as traceless Sp{8) matrix. The 
entropy of a black hole with charges qij is then given by 



(12.2) 



In five dimensions the compact group H is USp{8). We choose our conventions so that USp{2) = SU{2). 
In the commutator of the supersymmetry generators we have a central charge matrix Zab which can be 
brought to a normal form by a USp(8) transformation. In the normal form the central charge matrix can 
be written as 



Zai 



V 



S2 







S3 



Si 





S3 







S2 

S2 + S3 - Si 





1 

-1 



We can order the Si so that |si| > |s2| > |s3| 



-(Sl + S2 + S3)/ 

The cubic invariant, in this basis, becomes 
/a = S1S2S3. 



(12.3) 



(12.4) 



Even though the eigenvalues Si might depend on the moduli, the invariant (12.41 only depends on the 
quantised values of the charges. We can write a generic charge configuration as UeU^ , where e is the normal 
frame as above, and the invariant will then be (12.41. There are three distinct possibilities as shown in 
ITable 331 



Orbit 


Si 


S2 


S3 


/3 


Black hole 


SUSY 


£6(6)/(0(5,5) KRIS) 


> 











small 


1/2 


£6(6)/(0(5,4) K1R16) 


> 


> 








small 


1/4 


£^6(6)/-p4(4) 


> 


> 


> 


> 


large 


1/8 



Table 33: Classification of D = 5,Af = 8 black holes. The distinct charge orbits are determined by the number of non- vanishing 
eigenvalues and I3, as well as the number of unbroken supersymmetries. 



Note that, in contrast to the four-dimensional case where flipping the sign of I4 interchanges BPS and 



non-BPS black holes, the sign of the ( 12.4) is not important since it changes under a CPT transformation. 



There are no non-BPS orbits in flve dimensions. 
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In five dimensions there are also string-like configurations which are the magnetic duals of the configura- 
tions considered here. They transform in the contragredient 27' representation and the solutions preserving 
1/2, 1/4, 1/8 supersymmetries are characterised in an analogous way. The entropy of a black string with 
charges Pij is then given by 

S = n^\h{P)\. (12.5) 

It is useful to decompose the U-duality group into the T-duality group and the S-duality group. The 
decomposition reads Eq 50(5,5) x SO{l, 1), leading to 

27^16i + 10_2 + l4- (12.6) 



The last term in (12.61 corresponds to the NS five-brane charge. The 16 correspond to the D-brane charges 
and the 10 correspond to the 5 directions of KK momentum and the 5 directions of fundamental string 
winding, which are the charges that explicitly appear in string perturbation theory. The cubic invariant has 
the decomposition 

(27)^ ^ 10_2 10_2 U + 16i 16i 10_2. (12.7) 

This is saying that in order to have a non-zero area black hole we must have three NS charges (more precisely 
some "perturbative" charges and a solitonic five-brane); or one can have two D-brane charges and one NS 
charge. In particular, it is not possible to have a black hole with a non-zero horizon area with purely D-brane 
charges. 

Another version of the cubic invariant is given as follows |163j : Take two 6- vectors Xi and yj and a 
skew-symmetric 6x6 matrix z^^ . This corresponds to the decomposition 



under which 

Now consider the expression 



£;6(6) D SL{2) X SL{6), (12.8) 
27 -> (2, 6) -I- (1,15). (12.9) 
/3 - Pf(z) + z*^x,y„ (12.10) 



where Pf is the Pfaffian. See also |200| . 

12.2. Eq and the bipartite entanglement of three qutrits 

We have seen that in the case of two qutrits, the bipartite entanglement is classified using by [5^(3, C)]^ 
and that the entanglement measure is given by a determinant. To give a quantum-theoretic interpretation 
of the A/" = 8 black hole, we begin by noting that 

i?6(6) 3 [5^3,]R)]^ (12.11) 

and 

£;6(C) D [S'L(3,C)]3. (12.12) 

We shall now show that the corresponding system in quantum information theory is that of three qutrits 
(Alice, Bob and Charlie) |201j . However, the larger symmetry requires that they undergo only a bipartite 
entanglement of a very specific kind. The entanglement measure will be given by the cubic Cartan invariant 

A crucial ingredient is that under 

£;6(6) 3 SL{'i)A X SL{?,)b X 5L(3)c, (12.13) 

the 27 decomposes as 

27^ (3', 3,1) (1,3', 3') + (3, 1,3). (12.14) 

An analogous decomposition holds for 

£;6(C) D [S'L(3,C)]3. (12.15) 
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Notice that we find three copies of the two qutrit Hilbert space 



I*) = aA'B\A'B) + bB'C'\B'C') + cca\CA), 



(12.16) 



where A, A' = 0, 1, 2. Note that: 

1. Any pair of states has an individual in common 

2. Each individual is excluded from one out of the three states 

So we have three qutrits (Alice, Bob, Charlie) but where each person has bipartite entanglement with the 
other two. However, as discussed in [section 12.6| this 27-dimensional space is not a subspace of the three 
qutrit Hilbert space (3,3,3). 

The entanglement may be represented by a triangle with vertices ABC representing the qutrits and the 



lines AB^ BC and CA represent the entanglements. See Figure 14 The three states transforms as a pair of 




Figure 14: The D = 5 analogue of [Figure ll| is the three qutrit entanglement diagram corresponding to the decomposition 
l |12.14| and the state | |12.16[ l. It is a triangle with vertices A,B,C representing the qutrits and the lines AB,BC and CA 
representing the entanglements. 

triplets under two of the S'L(3)'s and singlets under the remaining one. Individually, therefore, the bipartite 
entanglement of each of the three states is given by the determinant. Taken together however, we see from 



(8.151 that they transform as a complex 27 of £'6(C). Their bipartite entanglement must be given by an 



expression that is cubic in the coefhcients a, 6, c and invariant under _Bg(C). The unique possibility is the 
Cartan invariant I3, 



and so the 2-tangle is given by generalising (5.13) to 
t{ABC) ^27\hf. 



(12.17) 



If the wave- function (8.171 is normalised, then < t{ABC) < 1. 



Note the appearance of both primed and unprimed qutrit representations, a new feature not encountered 
with qubits. This is because the e symbol relates upper and lower indices for qubits 



£ as, 



while for qutrits a and a a are different: 



1AB1B2 



«[SiS2 



(12.18) 



(12.19) 



The antisymmetry of a^g-^g^] allows the interpretation of the 3' as a pair of indistinguishable "fermions" 
12.3. Decomposition of I3 



To understand better the entanglement we note that, as a result of (12.141, Cartan's invariant contains 



not one determinant but three. It may be written as the sum of three terms each of which is invariant under 
[S'L(3)]^ plus cross terms. To see this, denote a 3 in one of the three entries in (12.14) by A. So we may 
rewrite (12.14) as 



or symbolically 



27 =iAB) + iBC) + {C A), 

27 = a + b + c. 
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(12.20) 
(12.21) 



Then h is the singlet in 27 x 27 x 27: 

4 = + 6^ + + 6a&c, (12.22) 



where the products 



= {AB){AB){AB) 



63 = {BC){BC){BC) 
e- = (Cyl)(Cyl)(Cyl) 

— 6^ ^ ^CxAx'^C^A^Cc^.A^i 

exchide one individual (Charlie, Alice, and Bob respectively), and the products 

ahc^{AB){BC){CA) 

- ^n^ } 



(12.23a) 
(12.23b) 
(12.23c) 

(12.24) 



exclude none. These results may be verified using the following dictionary between a, b, c and the P"" ,P'' , 
of the Jordan Algebra: 



P^ = -a%, p'^-a\, (12.25a) 
P'^\{- {a\ + a'i)eo - (6°° + coo)ei ~ (6°^ + cw)e2 - (6°' + C2o)e3 

+ {a\ - a\)e^ + (6°° - coo)e5 + (6°^ - cio)e6 + (6°^ - C2a)er), 
P'=l{- {a\ + a\)eo - {b^" + coi)ei - (6" + Cn)e2 - {b^^ + 0^1)63 

+ (a'o - a°2)e4 + {b'° - coi)e5 + {b^' - cn)ee + {b^^ - 021)67), 
P^'=^{-{a\+ a\)eo - (fe^o + co2)ei - {b^^ + 012)62 - (&"' + 022)63 

+ (a°i - 0^0)64 + {b^" - 602)65 + {b"^^ - 612)66 + (6^^ - 622)67), 



(12.25b) 
(12.25c) 
(12.25d) 



which yields, 



I3 = det J3(P) = + 6^ + e'^ + 6abc. (12.26) 



12.4- Subsectors 

Just as in the E-; case one can truncate to just the (3,3) in (12.141 which excludes Bob 

\^)=cca\CA). (12.27) 
This is described by just that line not passing through B in the ABC triangle, 

(3, 3) = (CA) = 6, (12.28) 
and the corresponding cubic invariant, 13, reduces to the singlet in (3,3) x (3,3) x (3,3) 

/3 = det 6cA 6^ (12.29) 

12.5. Classification of M — 8 black holes and three-qutrit states 

In the Af — 8 theory, "large" and "small" black holes are classified by the value of I3. Non-zero 13 
corresponds to large black holes, which are BPS for both signs of I3, and vanishing 13 to small black holes. 
We may have 1/8, 1/4 or 1/2 supersymmetry preserved. 
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The charge orbits [SUl 11571 1178j for the black holes depend on the number of unbroken supersymmetries 
or the number of vanishing eigenvalues as in Table 33 For Af = 8 the large black holes correspond to the 
class of rank 3 Bell entangled states and small black holes to the rank 2 Bell or separable class. One way of 
obtaining such states is to go the canonical basis (12.31 where the Cartan invariant reduces to (12.4). The 
result is shown in [Table 33[ For example, a state with non-zero coefficients 

s' 

|222)) 



Coo = Cll = C22 = 

l*) = 7i(|ooo) + |iii; 



1 

V3' 



is maximally entangled with 



1. 



(12.30) 
(12.31) 

(12.32) 



Alternatively, having succeeded in writing the Cartan invariant in terms of a,b,c, in (12.261 we can now 
look for entangled states in the full J\f = 8 theory. For example, the generalised Bell state with non-zero 
coefficients 



is entangled but not maximally since 

T 



16 
27- 



(12.33) 
(12.34) 



12.6. Three 7-dit interpretation 

We note that the 27-dimensional Hilbert space given in (12.14) is not a subspace of the 3^-dimensional 
three qutrit Hilbert space given by (3, 3, 3), but rather a direct sum of three 3'^-dimensional Hilbert spaces: 



(3', 3,1) + (3, 1,3) + (1,3', 3'). 



(12.35) 



This raises an ambiguity about the terminology bipartite entanglement of three qutrits. The state corre- 
sponding to the usual 3'^-dimensional three qutrit Hilbert space given by (3,3,3) is 

l^-) = aABc\ABC) (12.36) 

and one meaning of bipartite entanglement, AB say, would be that given by the reduced density matrix 

PAB = Trc|*)(*|. (12.37) 

So it is important to note that this is clearly different from the meaning we have adopted in our discussion 
of three qutrits elsewhere in this section. 

The triplets in ( 12.35 1 have the interpretation as qutrits but what the singlets? A natural way to interpret 

(12.38) 
(12.39) 



the singlets is to embed the qutrits into 7-dits and note that under 

SL{7) D SL{3) 

we have 



7^3 + 3' + l. 

The three 7-dit system (Alice, Bob, Charlie) is described by the state 



(12.40) 



where A = 0,1,2,3,4,5,6, and the Hilbert space has dimension 7"^ = 343. a^^^ transforms as a (7,7,7) 
under SL(7)a x SL{7)b x SL{7)c. Under 



SL{7)a X SL{7)b X SL{7)c D SL{3)a x SL{3)b x SL{3)c 
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(12.41) 



we have 



(7, 7, 7) 



(3', 3', 3') H 


h (3,3,3) 4 


- (1,1 ,1) 


(3', 3', 3) H 


h (3', 3, 3') 4 


- (3, 3', 3') 


(3',3,3) H 


h (3,3',3) 4 


- (3,3 ,3') 


(3',3M) H 


h (3', 1,3') 4 


- (1,3',3') 


(3,3,1) H 


h (3,1,3) 4 


- (1,3,3) 


(3', 1,1) H 


K (1 ,3',1 ) 4 


' (1,1 ,3') 


(3,1,1) H 


K (1,3,1) 4 


- (1,1 ,3) 


(3',1 ,3) H 


h (3', 3,1) 4 


- (1,3 ,3') 


(3,1,3') H 


h (3,3',1) 4 


- (1,3', 3), 



which contains (12.16) as a subspace. 

\^) = aA'B.\A'B* 



b,Bc\»BC)+CA',c'\A' •C) 



(12.42) 



(12.43) 



which we abbreviate by (12.16). So the triangle entanglement we have described fits within conventional 
quantum information theory, but we have discovered a hidden Eq symmetry of this special 27-dimensional 
subspace. 
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13. MAGIC SUPERGRAVITIES 



13.1. Magic supergravities in D — A 

The black holes described by Cayley's hyperdeterminant are those oi JV = 2 supergravity coupled to 



three vector multiplets, where the symmetry is [SL{2,1i)]'^. In section 8 the following four-dimensional 
generalisations were considered: (1) A/" = 2 supergravity coupled to / + 1 vector multiplets, (2) M — i 
supergravity coupled to m vector multiplets, (3) Af — 8 supergravity. In all three case there exist quartic 
invariants akin to Cayley's hyperdeterminant whose square root yields the corresponding black hole entropy. 
We succeeded in giving a quantum theoretic interpretation in the Af = 8 case together with its truncations 
to A/" = 4 (with m ~ 6) and M = 2 (with 1 = 2, the case we already knew 

However, as suggested by Levay [7 , one might also consider the "magic" supergravities |185l 11831 11841 
I202L 1203] . These correspond to the R, C,IE[, O (real, complex, quaternionic and octonionic) Af = 2, D = 4 
supergravity coupled to 6,9,15 and 27 vector multiplets with symmetries Sp{6,'Z),SU{3,3), SO* (12) and 
£'7(_25), respectively. Once again, as has been shown just recently [204', in all cases there are quartic 
invariants whose square root yields the corresponding black hole entropy. 

Here we demonstrate that the black-hole/qubit correspondence does indeed continue to hold for magic 
supergravities. The crucial observation is that, although the black hole charges qabc are real (integer) 



numbers and the entropy (8.11 is invariant under _B7(7)(Z), the coefficients qabc that appear in the qubit 
state (8.171 are complex. So the 3-tangle (8.181 is invariant under i?7(C) which contains both £'7(7)(Z) 
and £'7(-25)(^) as subgroups. To find a supergravity correspondence therefore, we could equally well have 
chosen the magic octonionic J\f = 2 supergravity rather than the conventional Af = 8 supergravity. The fact 
that 



but 

is irrelevant. All that matters is that 



Ej^r^{Z)D[SL{2,'£)]', (13.1) 
i^7(-25)(Z) 75 [5i(2,Z)]7 (13.2) 
Ej{C)d[SL{2,C)]\ (13.3) 



The same argument holds for the magic real, complex and quaternionic M = 2 supergravities which are, in 
any case truncations oi N = 8 (in contrast to the octonionic) . 

Having made this observation, one may then revisit the conventional M = 2 and A/" = 4 cases (1) 
and (2) above. When we looked at the seven qubit subsector Ei{G) D 5*^(2, C) x 5*0(12, C), we gave 
an A/" = 4 supergravity interpretation with symmetry S'L(2,]R) x 50(6,6) ^6j, but we could equally have 
given an interpretation in terms of A/" = 2 supergravity coupled to 11 vector multiplets with symmetry 
SL{2,&) X 50(10,2). 

Moreover, S0{1 — 1, 2) is contained in SO{l + 1, C) and 50(6, m) is contained in 50(12 + to, C) so we 
can give a qubit interpretation to more vector multiplets for both M =2 and A/" = 4, at least in the case of 
5'0(4n,C) which contains [5L(2,C)]2". 

13.2. Magic supergravities in D = 5 

One might also consider the "magic" supergravities in D = 5 |185l 1183"! I184j . These correspond to the 
R, C, H, O (real, complex, quaternionic and octonionic) N = 2 supergravity coupled to 5, 8, 14 and 26 vector 
multiplets with symmetries 5'i(3, R), 5'L(3, C), 5'L/*(6) and -E'6(-26) respectively. Once again, in all cases 
there are cubic invariants whose square root yields the corresponding black hole entropy |204j . 

Here we demonstrate that the black-hole/qubit correspondence continue to hold for these D = 5 magic 
supergravities, as well as D = A . Once again, the crucial observation is that, although the black hole charges 



Gab are real (integer) numbers and the entropy (12.21 is invariant under ii^6(6)(^)j the coefficients gab that 



appear in the wavefunction (12.161 are complex. So the 2-tangle (12.171 is invariant under Eq{C) which 



contains both iJg(g)(Z) and £^6(-26)(^) as subgroups. To find a supergravity correspondence therefore, we 
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could equally well have chosen the magic octonionic J\f — 2 supergravity rather than the conventional A/" = 8 
supergravity. The fact that 



i?6(6)(Z) D [5i(3,Z)]3, (13.4) 

but 

Ee(,26)m ^ [SL{3,Z)f (13.5) 
is also irrelevant. All that matters is that 

E6{C)d[SL{3,C)]^. (13.6) 

Once again, the same argument holds for the magic real, complex and quaternionic M ~ 2 supergravities 
which are, in any case truncations of A/" = 8 (in contrast to the octonionic). 

Having made this observation, one may then revisit the conventional N — 2 and A/" = 4 cases (1) and 



(2) of Equation 4l33| SO{l, 1) is contained in SO{l + 1, C) and SO{m, 5) is contained in SO{b + m, C), so 



we can give a qutrit interpretation to more vector multiplets for both Af — 2 and J\f — A, at least in the case 
of SO{6n, C) which contains [SL{3, C)]". 



13.3. Alternative Jordan algebra interpretation 

"Details that could throw doubt on your interpretation must be given, if you know them. You 
must do the best you can - if you know anything at all wrong, or possibly wrong - to explain it. 
If you make a theory, for example, and advertise it, or put it out, then you must also put down 
all the facts that disagree with it, as well as those that agree with it. There is also a more subtle 
problem. When you have put a lot of ideas together to make an elaborate theory, you want to 
make sure, when explaining what it fits, that those things it fits are not just the things that gave 
you the idea for the theory; but that the finished theory makes something else come out right, in 
addition. 

In summary, the idea is to give all of the information to help others to judge the value of 
your contribution; not just the information that leads to judgement in one particular direction 
or another. " 



Richard P. Feynman 



Adapted from a Caltech commencement address given in 1974; from the book "Surely You're 
Joking, Mr. Feynman!" |205j . 

13.3.1. New interpretation 

Our analogy between black holes and quantum information remains, for the moment, just that. We 
know of no physics connecting them. In particular, as far as we can tell our analogy is unconnected with 
the work of [206, 207, 208, 209, glUl HHl [113 relating black holes and entanglement entropy in field theory. 

Nevertheless, we have seen that the exceptional group describes the tripartite entanglement of seven 
qubits [7] and that the exceptional group Eq describes the bipartite entanglement of three qutrits. In the 
E-j case, the quartic Cartan invariant provides both the measure of entanglement and the entropy of the 
four-dimensional A/" = 8 black hole, whereas in the i?g case, the cubic Cartan invariant provides both the 
measure of entanglement and the entropy of the five-dimensional A/" = 8 black hole. 

Moreover, we have seen that similar analogies exist not only for the A/" = 4 and J\f ~ 2 truncations, but 
also for the magic Af — 2 supergravities in both four and five dimensions. Murat Gunaydin has suggested 
(private communication) that the appearance of octonions and split octonions implies a connection to 
quaternionic and/or octonionic quantum mechanics. This was not apparent (at least to us) in the four- 
dimensional TV = 8 case [B], but the appearance in the five dimensional magic A/ = 2 case of 527(3, R), 
S'L(3,C), 5^(3, H) and S'L(3,0) is more suggestive. 

With this in mind, we provide in this section an alternative interpretation of these relationships between 
black hole entropy and entanglement measures in quantum information theory. The black hole charges in 
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the five-dimensional Af ^ 2 magic R, C, H, O and J\f ~ 8 O'^ (split octonion) supergravities are known to be 
described by the elements of a Jordan algebra of degree three J*, where A = R, C, H. O and (D^ , respectively. 
Here we identify them with the 3x3 reduced density matrices of two qutrits in quantum mechanics defined 
over A. 

Recall that in the D — A case, one identifies the black hole charges with two qubit state vector coefficients 
aAB or three qubit coefficients qabc etc, where A — 0,1. Whereas in D — 5, one identifies the black hole 
charges with two qutrit state vector coefficients gab etc, where A ~ 0,1,2. In this section, however, we 
suggest an alternative interpretation for which the black hole charges are identified not the a's themselves 
but with components of the reduced density matrices, for example 

PAiA2 = aAli3laA2S2^^'^^ (13.7) 

where the a's are defined over the reals, complexes, quaternions and octonions in the case of the J\f = 2 
magic R, C,H, (D supergravities and over the split octonions C in the case of A/" = 8. 

A similar interpretation is given for the six-dimensional magic M = 2 and Af = 8 black dyonic string 
charges |213j . described by Jordan algebras of degree two J*, in terms of the 2x2 reduced density matrices 
of two qubits defined over A. This new density matrix interpretation has some advantages over the previous 
one, while continuing to relate U-duality invariant black entropies to entanglement measures. However, we 
have yet to establish in this approach the connection between three qubit entanglement and the full set of 
four-dimensional black hole charges, known to be described by the elements of a Freudenthal triple system 

This re-interpretation of the black hole/qubit correspondence makes use of the Jordan algebra formulation 
of quantum mechanics. Accordingly, in the following section we give a brief overview of Jordan quantum 
theory and its relationship to the conventional interpretation, following closely the presentation given in 



13.3.2. The Jordan algebra formulation of quantum mechanics 

The advent of the matrix mechanics formulation of quantum theory was shortly followed by a number 
of investigations into its possible algebraic generalisations. These forays were principally motivated by a 
certain perception, prevalent at the time, that the irrefutable successes of quantum mechanics as applied to 
the atom would not be readily extended to the relativistic domain |179j . Chief amongst these attempts was 



the use of Jordan algebras, introduced in section 9.2 as a suitable representation of physical observables 



|188}I215] . The intention was to place emphasis on observables, as opposed to states, and in doing so abstract 
the essential characteristics of the set of Hermitian operators, displacing the Hilbert space from its central 
position in the mathematical foundations of the theory |216j . 



Taken alone, it is not entirely clear that the Jordan identity (9.3 1 ought to be of any fimdamental 
importance when representing the algebra of observables. To better understand its physical relevance let 
us consider what is expected of such a representation starting from the conventional matrix theory. In this 
case observables are represented by Hermitian matrices, possibly of infinite dimension. Central to their 
particular suitability in this role is that their eigenvalues are real, that distinct eigenvalues correspond to 



distinct orthogonal eigenvectors and that they are formally real in the sense of (9.4 1. These properties, 
coupled with the spectral decomposition theorem, imply that for any polynomial function F and observable 
A, 

F{A) ^Y.PMP.^. for yl-^a„,P„„ (13.8) 

m m 

where Pm and are the projectors and associated eigenvalues, respectively, appearing in the spectral 
decomposition of A. The physical significance of this statement is that, if a is the value of some observable 
A, energy say, for some system in a given state, then one would expect that F{a) be the value of F{A), 



energy squared say, for the same state. However, this relies crucially on the power associativity (9.51 of 
Hermitian matrices, ensures that F{A) is defined unambiguously. 

Now, given a commutative, formally real algebra, the Jordan identity then follows from the physically well 
motivated assumption of power associativity |179j . Equally, given the same initial assumptions, the Jordan 
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identity implies power associativity. However, Hermitian matrices do not in general commute. Consequently, 
the matrix product of two Hermitian matrices does not necessarily yield a third Hermitian matrix. They 
do not form a closed algebra under standard matrix multiplication. These considerations, in part, motivate 
the definition of the Jordan product on Hermitian matrices, 



(13.9) 



which is by definition commutative (but nonassociative) and closed with respect to Hermiticity. The algebra 
of Hermitian matrices, with multiplicative composition defined by (13.91, is closed, formally real, commuta- 
tive, power associative and, consequently, satisfies the Jordan identity (9.3). In this case, Hermitian matrices 
with the Jordan product (13.91, these properties simply amount to a set of identities. However, in seeking 



generalisations, one could make the paradigm shift and take the Jordan identity as primary, the Jordan 
product emerging as a secondary consequence. That is, we start from a Jordan algebra and require that, in 
addition, it be formally real and contain an identity element so as to ensure its suitabihty as an algebra of 
observables [214]. In summary, we axiomatise the algebra of observables 21: 

1. X o y = y o X, 

2. X o (a;2 o y) = x^ o (a; o y), 

3. + -|_ ^2 ^1 ^0 =^ x = y = z = -- - = 0, 

4. 3 1 e 21 s.t. 1 o a; = xo 1 = x Va; G 21. 

Having, to some degree at least, set an axiomatic foundation for the algebra of quantum observables, it 
is natural to ask what generalisations beyond the orthodox framework this allows for. This question was 



essentially answered by the classification of all simple formally real Jordan algebras |,179] (see section 9.2 1. 
However, before commenting on the possible alternatives let us address a more immediate issue; how the 
Jordan formulation captures the statistics of standard quantum mechanics, an obvious minimal prerequisite. 

Having articulated the space of quantum observables in terms of Jordan algebras let us now turn our 
attention to the representation of states and the problem of time evolution. We follow closely the presentation 
given in [214]. States in quantum theory are represented by rays in a Hilbert space. However, given an 
orthonormal basis, the projection operators. 



which satisfy, 
and 



Pni = \m){m\ 
trPrn = 1, 



(13.10) 
(13.11) 



Pi = P„, (13.12) 
correspond to an equivalent representation. Any normalised pure state lip) may be expressed as a projector. 



Pip = IV')(V'li satisfying (13.111 and (13.121. The expectation value of an observable, represented by a 
Hermitian matrix A, is then given by, 

{A)^ = tr{P^A). (13.13) 
More generally, any state, pure or mixed, may be represented as a Hermitian, trace one, positive semi-definite 



density matrix p (c.f. section 3.2 1 in which case, 

(A)p = tr(pA). (13.14) 

To reproduce these results using the Jordan framework it is necessary to introduce a trace form |214l 1217] . 

trl = zy, tr6j = 0, (13.15) 

where e Z and the set {bi} forms a basis for the Jordan algebra such that any element a may be written 
as a = a^bi, a' G R. This defines a positive definite bilinear inner product, 



{bi,bj) = ltr{b, o bj) = 6ij, 
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(13.16) 



since one can always choose a basis such that bi o bj — Sijt + fijkbk- Any two idempot ent^^ Pi and P2, 
are orthogonal, Pi o P2 = 0, if they are orthogonal with respect to the inner product ( 13.16[ ). A general 
idempotent E is said to •primitive if it cannot be decomposed as the sum of two orthogonal idempotents. 
The highest possible number of orthogonal primitive idempotents is the degree of the algebra and is equal 
to the V appearing in the trace form if one normalises tc E = 1, c.f. (13.111. Any complete set {Ei} of 
orthogonal primitive idempotents satisfies, 



E 

i=l 



E, = 1, (13.17) 



constituting a resolution of the identity. Then, in analogy with the spectral decomposition theorem, any 
element a in the algebra can be expressed as a linear sum of primitive idempotents. 



= ^a*S,(a), (13.18) 



where the maximal set {£'^(0)} depends on particular the element a under question. 
It is now possible to represent an arbitrary state p in the Jordan formulation. 



p = ^p,Ei, where = 1 and pie[Q,l\- (13.19) 

1=1 i=i 

This clearly relates to the density matrix formalism of conventional quantum mechanics: p is a positive 
semi-definite, trace one element that satisfies < p with equality holding only for pure states i.e. when p is 
a primitive idempotent |214] . The expectation value of an observable a in the Jordan algebra with respect 
to a state p is then given by, 

(a)p = tr(aop). (13.20) 

Hence, this Jordan algebra formulation is essentially equivalent to the density matrix picture of the conven- 
tional quantum mechanics |214j . 

Let us now consider time evolution. Here the Jordan formalism does depart, to some extent, from 
the standard density matrix picture. If we assume that the affine structure of a general density matrix is 
preserved by time evolution then, 

dtp{t)^^i[H,p{t)], (13.21) 



where H is the Hamiltonian. An important feature of (13.211 is that it maps pure states into pure states. 
Given two Hermitian matrices, A and B, we have, 

dt{AB) = -i[H,AB] 

^ -i{[H,A]B + A[H,B\) (13.22) 
= {dtA)B + A{dtB). 

The differential evolution operator acts as a derivation as one would expect. Requiring this condition in the 
Jordan formulation, so that for any two elements x and y 

dt{x oy) ^ D{x oy) ^ xo D{y) + D{x) oy = xo dt{y) + dt{x) o y, (13.23) 



the differential evolution operator D acts as a derivation of the Jordan algebra c.f. (9.12). Recall, the 
set of derivations generates the automorphism group of the algebra (9.11 1. Hence, the corresponding time 
translation operator, Tt-^^t^, taking an element, Xf^, at time ti, to the corresponding element, xt^, at time 
preserves the Jordan product. If 

° Vti = zti, (13.24) 



^"Any algebra element P is said to be idempotent if = P. 
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then 

Tt^^t2{xtJ o Tt^^t2{ytJ = Tt^^t^iztt) or, equivalently xt^ o yt^ = zt^. (13.25) 

Consequently, Tt-^^t2 takes pure states, represented by primitive idempotents Et-^, into pure states, as can 
be seen from, 

Et^oEt^^Eti =^ Tt^^t2{Eti) °Tti^t2{Eti) = Tti^t2{Eti) (13 26) 

=4> Et2 o Et2 = Et2 ■ 
Remarkably, any derivation D(z) can be expressed as, 

D{z) = D^^y{z) = X o {z o y) - {x o z) o (13.27) 

where x and y are any to two traceless elements. Recalling the definition of the associator, this implies that 
the evolution of any (mixed or pure) state is given by, 

dtp^[x,p,y]. (13.28) 

It would seem that, in the Jordan formalism, the associator plays a role equivalent to that of the commutator 
in the standard picture. Let us consider the case closest to conventional quantum mechanics, the Jordan 
algebra of n x ?i Hcrmitian matrices defined over C. In this case (13.281 reduces to, 

dtp=[[x,y].p]- (13.29) 



li H = i[x,y] + Al then = —i[H,p] and (13.291 reproduces the conventional unitary evolution 

equation ( 13.21[ ). It is as if the Jordan formulation is, in words of |214j . the "square root" of standard 
theory. 

In light of this relationship between the Jordan formulation and the density matrix formalism, the 
simple Jordan algebras of n x n Hermitian matrices over the associative division algebras seem to offer 
an obvious generalisation. However, it would seem that they simply amount to conventional quantum 
theory defined over R, C or H |218j . This leaves the exceptional octonionic example. In this case a Hilbert 
space formulation is not possible due to the nonassociative nature of the octonions. It has, however, been 
shown that the usual axioms of quantum theory may be satisfied by taking a more abstract "propositional" 
approach [TMl ECT mTl 1^ . 



13.3.3. D = 5 and Jordan algebras of degree three J* 

rit reduced matrices pA and ps 

(13.30) 



Let us compare JsiP) of section 9.4 with the 2 qutrit reduced matrices pA and ps 

PA^TrB\'^){H 
PB-Tr^|^')(^'|, 

which are also 3x3 hermitian and transform in the same way, at least in the R and C cases: 

{pa)a,A2 = aAiBia*A2B2S^^^'', 
{pb)b,B2 = aAiB^a* A2B2S'^^^^ ■ 

Making contact with the H, O and cases, however, would require going to quaternionic or octonionic 
quantum mechanics. The two qutrit system (Alice and Bob) is then described by the state 

\^)^aAB\AB), (13.32) 

where A = 0,1, 2, so the Hilbert space has dimension 9, 18, 36, 72 for A = R, C, H, O. The qab transforms 
as a (3,3) under S'L(3, A)^ x S'L(3,A)b. 

From [section 5| thc bipartite entanglement is measured by the 2-tangle 

T2(AS) = 27|detp|. (13.33) 

We now propose to identify the black hole charges J with components of the reduced density matrix p rather 
than the state coefficient al 

Recall that SL{3, A) has dimension 8,16,35,78 for A = R, C, H, O. Note that the fundamental reps have 
real dimension 3 dim A: 3,6,12,24 but 24 is not a rep of Eq. 
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13.3.4- D — Q and Jordan algebras of degree two J* 

The elements of the Jordan algebras J* of degree two, are 2x2 hermitian real A matrices: 

Ri A 



where Ri are real numbers and where ^ G A = R, C, H, O, O*. They transform as the (dim A + 2) represen- 
tation of SL{2, A ). In othe r words as the 3,4,6,10,10 of 50(2, 1), 50(3, 1), 50(5, 1), 50(9, 1), 50(5, 5), 
respectively as in [Table 34 These are the symmetries and dyonic black string charge representations of the 
magic Af — 2 and Af = 8 supergravities. In all cases the black string entropy is 



5== TTi/ldet J2I, (13.35) 

where 

det J2 = R1R2 - AA. (13.36) 



Let us compare J2iA) with the 2 qubit reduced matrices pA and pB 

PA-Trs|^')(^'|, 
PS = Tr^|^')(*|, 



(13.37) 



which are also 2x2 hermitian and transform in the same way. Generalising to R, C, H, O, the two qubit 
system (Alice and Bob) is then described by the state 

\^>) =aAB\AB), (13.38) 

where A = 0,1, so the Hilbert space has dimension 4, 8, 16, 32, 32 for A = R, C, H, O, (D^ The aAs 
transforms as a (2,2) under SL{2,A)a x SL{2,A)b. The bipartite entanglement is measured by the 2- 
t angle 

T2{AB) = A\detp\. (13.39) 

We now propose to identify the black hole charges J with components of the reduced density matrix p 
rather than the state coefficient a! 

Recall that SL{2, A) has dimension (dim A+2)(dim A+l)/2 namely 3,6,15,45,45 for A R, C, H, O, 0^ 
Note that the fundamental reps have real dimension 2 dim A namely 2,4,8,16. 

13.3.5. D ^ A and Freudenthal triples 9Jl(5) 

Recall from section 9.6 that in D — 4: the black hole charges are described by the Freudenthal triple 
system j30j realised as 2 x 2 "matrices" . Unfortunately, we do not know how to proceed with the new 
interpretation m D = A. 

13.3.6. Advantages and drawbacks 

This new density matrix interpretation has some advantages and some drawbacks: 

Advantages: 



1. It solves the problem of the apparently unconventional Hilbert space appearing in (12.161. Now 
it is just that of two qutrits, albeit with unconventional quantum mechanics. There is no need to 
describe it as a subspace of 7-dits. 

2. The mismatch between real black hole charges and complex state coefficients now disappears. 
R, C, H, O, charges correspond to R, C, H, O, O** density matrices. 

3. It works in £) = 6 as well as Z? = 5. The old interpretation does not admit the 10 of 50(5, 5)and 
so cannot explain black strings in D = 6. 
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4. In contrast to the old interpretation, this new interpretation may be extended to M — 2 super- 
gravity coupled to an arbitrary number of supermultiplets which also have an interpretation in 
terms of reducible Jordan algebras of degree 3 |30j . 

Drawbacks: 

1. It seems to contradict our previous interpretation of identifying charges with a^B or a,ABC coeffi- 
cients which seemed to work well, at least for the JV ^ 2 STU model and its J\f — 8 generalisations. 
Moreover the observations that D [SL{2)Y and Eq D [S'L(3)]'^ now seem to play no role. 

2. There seems no obvious way to interpret the Freudenthal triples in terms of three qubit density 
matrices, and so Z3 = 4 remains a mystery. 

3. Quaternionic |218| and octonionic quantum mechanics |219j seem further removed from the 
real world, as the following example illustrates. Consider a single qudit state defined over 
A = R,C,H,(D 





(13.40) 


where A = 0,1,2, ... ,d — 1. The dimension of the Hilbert space is 




dim Ti. — d dim A, 


(13.41) 


and the d x d density matrix 

PAB — aAa*B, 


(13.42) 


belongs to a rf-dimensional Jordan algebra with 




dim J^^ d + ^d{d - 1) dim A 


(13.43) 


real parameters, as in|Table 34| 




A dim A dim 


R 1 d{d +l)/2 
C 2 d^ 
H 4 d(2d-l) 
8 d(4d - 3) 


Table 34: Jordan algebra dimensions. 




Now consider a state of n qudits 




1^') = aA,A2-A„\AiA2--- An). 


(13.44) 


The dimension of the Hilbert space is 

dimW = dim A, 


(13.45) 


and the d" x d" density matrix. 




PAiA2---A„BiB2-B„ = aAiA2---A„aB^B2---B„: 


(13.46) 


belongs to a (i"-dimensional Jordan algebra with 




dim Jd. = d" + \d'^{d'' - 1) dim A, 


(13.47) 


real parameters. 

One might expect that an n-qudit state would be described by the same number of parameters as the 
tensor product of n single qudits |:22r. 


[dim Jd]" = dim Jd^. 


(13.48) 



but this works only in the complex case. 
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14. WRAPPED BRANES AS QUBITS 



14-- 1- D = A black hole origin of qubit two-valuedness 

In [section 7| we established a correspondence between the tripartite entanglement measure of three qubits 
and the macroscopic entropy of the four-dimensional 8-charge STU black hole of supergravity. In this section 
we consider the configurations of intersecting D3-branes, whose wrapping around the six compact dimensions 

provides the microscopic string-theoretic interpretation of the charges, and associate the three-qubit basis 
vectors \ABC), {A, B,C = or 1) with the corresponding 8 wrapping cycles. In particular, we relate a well- 
known fact of quantum information theory, that the most general real three-qubit state can be parameterised 
by four real numbers and an angle, to a well-known fact of string theory, that the most general STU black 
hole can be described by four D3-branes intersecting at an angle. 

Macroscopically, S is just one quarter the area of the event horizon of the black hole. To give a microscopic 
derivation |43j we need to invoke ten-dimensional string theory whose associated Dp-branes wrapping around 
the six compact dimensions provide the string-theoretic interpretation of the black holes. A Dp-brane 
wrapped around a p-dimensional cycle of the compact directions (x ^) looks like a DO-brane 

from the four-dimensional {x° , , x"^ , x^) perspective P^E^I^E^ . 

The microscopic analysis is not unique since there are many ways of embedding the STU model in 
string/M-theory, but a useful one from our point of view is that of four D3-branes of Type IIB wrapping the 
(579), (568), (478), (469) cycles of T^ with wrapping numbers iVo, iVi, N2, and intersecting over a string 



|226j . The wrapped circles are denoted by crosses and the unwrapped circles by noughts as shown in Table 35 
This picture is consistent with the interpretation of the 4-charge black hole as bound state at threshold of 
four 1-charge black holes [1351 EM US]- The fifth parameter is obtained [HIl |21H] by allowing the N3 
brane to intersect at an angle which induces additional effective charges on the (579) , (569) , (479) cycles. 
The microscopic calculation of the entropy consists of taking the logarithm of the number of microstates 
and yields the same result as the macroscopic one |229j . 



To make the black hole/qubit correspondence we associate the three T^ with the SL(2)ji x SL{2)b 



X 



SL{2)c of the three qubits Alice, Bob, and Charlie. The 8 different cycles then yield 8 different basis vectors 
\ABC) as in the last column of [Table "35 where |0) corresponds to xo and |1) to ox. To wrap or not to wrap; 



that is the qubit. We see immediately that we reproduce the five parameter three-qubit state of (4.631 
l^-) = -iVgCOS^e'lOOl) -iValOlO) +iV3sin6lcos6l|011) 

(14.1) 

- iVillOO) - iV3sin6lcos6l|101) + (iVo + ^ssin^ ^')|111)- 



Note that the GHZ state of Table 8| describes four D3-branes intersecting over a string. Performing a T- 



duality transformation, one obtains a Type IIA interpretation with zero D6-branes, Nq DO-branes, iVi, N2, 
7V3 D4-branes plus effective D2- brane charges, where |0) now corresponds to xx and |1) to 00. 



4 


5 


6 


7 


8 


9 


macro charges 


micro charges 


\ABC) 


X 





X 





X 





P" 





|000) 





X 





X 


X 





Qi 





110) 





X 


X 








X 


Q2 


sin 6' cos 9 


101) 


X 








X 





X 


93 


N3 sin 6 cos 6 


oil) 





X 





X 





X 


90 


No + N3 sin^ e 


1111) 


X 





X 








X 




-N3 cos2 9 


|001) 


X 








X 


X 







-N2 


010) 





X 


X 





X 





_p3 


-N, 


100) 



Table 35: Three qubit interpretation of the 8-charge D = 4 black hole from four D3-branes wrapping around the lower four 
cycles of T'^ with wrapping numbers A^Oi ^ii ^2, ^3 and then allowing N3 to intersect at an angle 9. 
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14-2. D = 5 black hole origin of qutrit three-valuedness 

All this suggests that the analogy between D — 5 black holes and qutrits, described in section 12.2 
should involve the choice of wrapping an M2- brane around one of three circles in T^. This is indeed the 
case, with the number of qutrits being two. 

The 9-charge Af = 2, D = 5 black hole may also be embedded in the Af = 8 theory in different ways. The 
most convenient microscopic description is that of three M2-branes f 230l 1226] wrapping the (58), (69), (710) 
cycles of the compactification of D — 11 M-theory, with wrapping numbers Nq, Ni, N2 as in [Table 36 



To make the black hole/qutrit correspondence we associate the two with the SL{?>)a x SL{3)b of the 
two qutrits Alice and Bob. The 9 different cycles then yield the 9 different basis vectors \AB) as in the last 
column of Table 36 where |0) corresponds to xoo, |1) to 0x0 and |2) to oox. We see immediately that we 
reproduce the three parameter two-qutrit state \'^) of (5.16): 



I*) 



iVo|00) + A^i|ll) + A^2|22). 



(14.2) 



Note that this rank 3 Bell state describes three M2-branes intersecting over a point. 

The black hole entropy, both macroscopic and microscopic, turns out to be given by the 2-tangle 



2TT^\det aABl (14.3) 
and the classification of the two-qutrit entanglements matches that of the black holes as in [Table 36| There 



5 


6 


7 


8 


9 


10 


macro charges 


micro charges 


\AB) 


X 








X 










No 


|00) 





X 








X 







Ni 


111) 








X 








X 




N2 


|22) 


X 











X 










101) 





X 











X 


P' 





|12) 








X 


X 








/ 





|20) 


X 














X 


p6 





|02) 





X 





X 








P' 





|10) 








X 





X 





p8 





|21) 



Table 36: Two qutrit interpretation of the 9-charge D = 5 black hole from M2-branes in D = 11 wrapping around the upper 
three cycles of with wrapping numbers A^Oi ^li ^2- Note that they intersect over a point. 



is, in fact, a quantum information theoretic interpretation of the 27 charge Af = 8, D = 5 black hole in 
terms of a Hilbert space consisting of three copies of the two-qutrit Hilbert space [5]. It relies on the 
decomposition -^6(6) 3 ['^'^(3)]^ and admits the interpretation of a bipartite entanglement of three qutrits, 
with the entanglement measure given by Cartan's cubic £'6(6) invariant. Once again, however, because the 
generating solution depends on the same three parameters as the 9-charge model, its classification of states 
will exactly parallel that of the usual two-qutrit system. Indeed, the Cartan invariant reduces to det in 
a canonical basis |157j . 

The microscopic interpretation of the D = 5 black string and its QI correspondence proceeds in a similar 



way by wrapping three M5-branes around T^. We simply swap the crosses and the noughts in Table 36 
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15. OUTSTANDING PROBLEMS 



15.1. For quantum information theory 

The Fano plane has played a crucial role in our description of the 3-way entanglement of seven qubits. 
It also finds application in switching networks that can connect any phone to any other phone. It is the 
3-switching network for 7 numbers. However there also exists a 4-s witching network for 13 numbers, a 
5-switching network for 21 numbers, and generally an (n + l)-switching network for [n^ + n + 1) numbers 
corresponding to the projective planes of order n |23ll24j . It would be worthwhile pursuing the corresponding 
quantum bit entanglements. 

Exceptional groups, such as E'y(^^^, have featured in supergravity, string theory, M-theory and other 
speculative attempts at unification of the fundamental forces. However, it is unusual to find an exceptional 
group appearing in the context of qubit entanglement. Can this be subject to experimental test? 

What is the significance of the coset constructions, such as Es/[SL{2)]^ that describes the 4-way entan- 
glement of eight qubits? 

Cayley's hyperdeterminant provides a good measure of entanglement by virtue of being an entanglement 
monotone. We intend to return elsewhere to the issue of whether Cartan's invariant is also monotonic. 

Jordan algebras were first introduced in the 1930s by Jordan, Wigner and von Neumann to describe 
the different possible versions of quantum mechanics: defined over the real, complex, quaternionic and 
octonionic numbers. As we have seen, they also make their appearance in black hole physics which we have, 
in turn, related to quantum mechanics. Does this mean that we can come full circle and reformulate the 
qubit entanglements in terms of quaternionic and/or octonionic quantum mechanics? 

The D — 5 black hole, related to two qutrits, and the D — i black hole, related to three qubits, are 
themselves related through the 3-dimensional Jordan algebras over the octonions and the Freudenthal triple 
systems. Indeed there exists a 5D/4D black hole correspondence that relates the two but involves black 
holes carrying angular momentum and Taub-NUT charge [23111232] . Is there a QI interpretation of rotating 
black holes and NUT charge? What does this imply for the relation of qubits to qutrits? Moreover, we have 
confined out attention to asymptotically flat black holes. What about those that are asymptotically anti-de 
Sitter (AdS)? 

Although there are no black holes with non-zero entropy in Z? > 6 dimensions, there are black strings 
and other intersecting brane configurations with entropies given by U-duality invariants. Do they have a 
qubit interpretation? 

A pair of entangled qubits may be exploited to perform computational tasks beyond the capability of 
any classical device. What is more, a three-qubit entangled state can then be used achieve tasks surpassing 
that of the 2-qubit case. Can we go beyond these examples utilising the special properties of the tripartite 
entanglement of seven qubits? One possibility is the role of the Fano plane in error-correcting codes. 

The tripartite entanglement of three qubits is subject to experimental test and provides a striking version 
of Bell's theorem on non-locality versus realism [53]. Can we generalise these experiments to the tripartite 
entanglement of seven qubits described above by the Fano plane and thereby demonstrate the effects of 
octonions in the laboratory? 

15.2. For M-theory 

The STU black hole entropy is described by the 2x2x2 hyperdeterminant, but there is a much richer 
mathematical structure behind the theory of more general hyperdeterminants [27] which also enters the 
classification of entanglement invariants 11131 1751 1233] . Do they have a role in M-theory? 

We have seen that the SL{2) x SO{6, 6) Cartan invariant for the 24 NS-NS charges is just the SL{2)^ 
invariant Cayley's hyperdeterminant when defined over the imaginary quaternions. Is this just a property 
of the charges or does this mean that the = 4 supergravity is, in some sense, just the N = 2 STU 
supergravity defined over the imaginary quaternions? If so, does this mean that the NS-NS sector of Z? = 10 
string theory compactified on with U-duality SL{2) x 5*0(6,6) is somehow equivalent to the NS-NS 
sector D = 6 string theory compactified on with U-duality SL{2)^, when defined over the imaginary 
quaternions? 
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The i?7 Cartan invariant for the full 56 charges, including the 32 R-R, is not simply given by Cayley's 
hyperdeterminant over the imaginary octonions but is nevertheless given by a similar expression quartic in 
the imaginary octonions. So one could again ask whether this just a property of the charges or does this 
mean that the J\f = 8 supergravity is, in some sense, related to the JV ^ 2 STU supergravity defined over 
the imaginary octonions. If so, does this mean that D — 11 M-theory compactified on with U-duality 
El is somehow related to the NS-NS sector D — 6 string theory compactified on with U-duality SL{2)^, 
when defined over the imaginary octonions? We are encouraged in these speculations by recent independent 
advances by both mathematicians |28j and physicists [B] (7] that show, using the Fano heptads, that 
has a natural structure of an O-graded algebra, compatible with its action on the minimal 56-dimensional 
representation. 



15.3. For their inter-relation 

A third physical application of Cayley's hyperdeterminant is that of providing the Lagrangian of the 
Nambu-Goto string in spacetime signature (2,2) |2341 1235] . (It is then possible to generalise to an £'7 
invariant string using the Cartan invariant.) Is this related to its other two applications in black holes and 
quantum information theory? 

The Type IIB microscopic analysis of the black hole has provided an explanation for the appearance 
of the qubit two-valuedness (0 or 1) that was lacking in the previous treatments: the brane can wrap one 
circle or the other in each T^. The number of qubits is three because of the number of string theory extra 
dimensions is six. Moreover, the five parameters of the real three-qubit state are seen to correspond to four 
D3-branes intersecting at an angle. Similar results hold for the two-qutrit system. Can one now find an 
underlying physical justification for (1.1 1 relating the 3-tangle to the black hole entropy? 
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A. TRANSVECTANTS AND CAYLEY'S HYPERDETERMINANT 



Cayley's original treatment of the hyperdeterminant |22j made use of a homogeneous polynomial U of 
third degree in six variables with eight coefficients a to h: 



U = axiuizi + bxiyiZ2 + cxiy2Zi + dxiy2Z2 
+ e X2V1Z1 + f X2yiZ2 + g X2V2Z1 + h X2V2Z2- 



(A.l) 



Successive application of differential operators reduced U to an expression called u - an example of a 



(A.2) 



hyperdeterminant (cf section 4.3.21: 

— 2 {ahgh + acfh + aedh + bcfg + bdeg + cdef) 

+ 4 {adfg + bceh) 
= {ah ~bg~cf + de)^ + A{ad - bc){fg - eh) 
= {ah -bg - de + cfY + 4(a/ - be){dg - ch) 
= {ah - cf - de + bg)'^ + 4(ag - ce){df - bh), 

To begin with the differentials were expressed solely in terms of what we would today recognise as "momen- 
tum space" duals to the x, y, z variables. This developed into the traditional symbolic method or classical 
um,bral calculus. Cayley's subsequent treatment made use of determinants of these dual variables, and one 
of the notations for the determinants was the symbol Omega ||ri||. These were combined into a single 
operator called the hyperdeterminant symbol □ so that u — Cayley eventually moved on from his 

hyperdeterminant theory and after a sesquicentennial hiatus the work was reestablished in [27i . 

A connection between the hyperdeterminant theory and entanglement measures lies in classical invariant 
theory |236l 12331 12371 EUTl 11141 15U1 1238] . The objects of interest are forms (homogeneous polynomials), and 
the functions of these forms that are "unchanged" in some sense by transformations of the variables - for 
this purpose it is instructive to consider the more general notion of a cofarzawf^ Covariants of a form 
are functions J(o, x) in the form's variables x and coefficients a that are unchanged under general linear 
transformations modulo the determinant A of the transformation: 



J{d,x)^ ^'"J'{d\x'). 



(A.3) 



Here, w is called the weight of the covariant. An invariant is simply a covariant in the special case in 
which there is no x dependence. When even the determinant factor drops out {w — 0) the covariant (or 
invariant) is called absolute. Given a set of forms depending on the same variables one may also construct 
joint covariants. These depend on the coefficients of all the forms, but satisfy the same transformation 
formula as ordinary covariants. 

One can generate covariants of a form via a process known as transvection, which is itself based upon 
the Omega process. The mth order Omega process with respect to an m x m matrix of variables 1^ is a 
differential operator defined as 



dVi„ 



dV,„ 



(A.4) 



We will call the matrix of which 



For example, a second order Omega process would be gy^'^gy^^ — dvj2dV2i 
n is the determinant the Omega matrix f2. In conjunction with a set P consisting of p polynomials, the 



^^Wc rely heavily upon the notation of |236| throughout this appendix. 
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Omega process may be used to form transvectants. The essential property of the Omega matrix that permits 

this construction is the fact that under a simultaneous general linear transformation A of all the variables, 
Omega transforms as Q i-^- (A~^)^r2, so that the Omega process satisfies 

n (detA)-in, (A.5) 

making it an example of an invariant process. Other invariant processes are the scaling and polarisation 
processes 

Polarisation: 7r(x, y) := a;^^, , , 

Scaling: := tt{x,x), 

which obey identities with the Omega process. The covariants resulting from their application find alterna- 
tive expression as the partial transvectants discussed briefly below. 

Defining P{Vi) := P{Vii, . . . , Vip), we use the tensor product notation ^^Li Pi to denote Pi(Vi), . . . ,Pp{Vp). 
A complete n-transvectant is then defined by 

(Pi,...,Pp)(") -.^trn^^P^.P,, (A.7) 

where tr sets all vectors of variables to be equal: Vi = V2 = ■ ■ ■ = Vp. Under the exchange of any of the P,, 

the transvectant picks up a factor of (— For a complete n-transvectant, the dimension v of the Vi vectors 
satisfies p = v = m. However more generally, v can be any integer multiple of p: p = v/d. In such case, the 
polynomials are expected to be multiforms; that is, while the polynomials accept px d arguments, they are 
homogeneous in each of the d sets of v variables. Separate Omega processes can then operate on the d sets 
of variables to form a complete (ni, . . . , nd)-transvectant: 

(Pi,...,Pp)("i>-"^) :=trf^r •••f^d^{2)Li^- (A.8) 

When the Pj have multiweights (w^n, . . . ,wici), ■ ■ ■ , (Wpi, • . • , Wp^) the resulting covariant has multiweight 

{wii H h Wpi + ni, . . . , wid H h Wpd + rid). In the multidegree case, transvectants satisfy p = v/d = m, 

but it is possible to generalise yet further to partial transvectants in both the single and multidegree cases. 
The Omega processes of partial transvectants have variables excluded by deleting rows and columns in the 
full pd X pd Omega matrix. Partial transvectants subsume the scaling and polarisation processes so that the 
polynomial covariants of a set of forms can be obtained using only linear aggregates of partial transvectants. 
In all cases, transvectants obey the inequality 

p > v/d = m, (A.9) 

with saturation for a complete transvectant. 

An elementary and eminently recognisable example of a transvectant would be the discriminant of a 
quadratic form: 

P{x, y) = ax'^ + bxy + cy^ , 
I? -Aac=-\{P,P)'^^\ 
which is an invariant. This is an example of a Hessian covariant H[P]: 



(A.10) 



//[P]:=i,(P,...,P)(^).det(^). (A.11) 



Another example is the Jacobian determinant J[Pi , . . . , Py] : 



J[Pi, . . . , P„] := (Pi, . . . , P„)(i) = det f p ) , (A.12) 



\dx 



which is familiar from the change of variables in integration. As this is a first transvectant it is actually 
simpler than the example of the Hessian covariant. A yet simpler case is the zeroth transvectant of a set of 
forms, which is merely the product of the forms. 
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In similar fashion, transvection can generate the entanglement measures of a three-qubit system using 
the covariants of a single polynomial ijj in six variables |80j : 

= aoxoyozo + aixovozi + a2XQyiZQ + asXoUiZi (A. 13) 

+ a4XiyoZ() + flgxiyo^i + agXij/iZo + ajXiyiZi, 

where the usual binary to decimal conversion has been performed on the coefficients. The form ip is in fact 
a triform of tridegree (1,1,1), which is to say it is a form of degree one in each of the x, y, z variables when 
the other two are fixed. This immediately suggests that one may form (ni, n2, n3)-transvectants of ip, the 
first of which is trivially ijj itself. The next covariants of interest arise from Hessian-like transvectants whose 
degree-sum is two: 

i/i:=i(^,V^)(°'i-i), 

i^2:-i(^,V^)(''"^'\ (A.14) 
i73:=i(^,^)(^'^^°). 

Note that the Hi transvectants are of degree three with two polynomials and six variables, hence they are 
complete and the Omega processes are second order. Written out more explicitly these are: 

Hi = (aoXf) + a4Xi) (a^xo + ajxi) — (uiXq + a^xi) {a2Xo + aeXi) 

~ (aQfls — 0102) Xq + ( 0304 — 0205 — fliflg -|- flofly) XqXi + (0407 

H2 = {aoyo + 022/1) (flsyo + 072/1) - (oiyo + asVi) (04^0 + aeyi) 
= (aofls - 0104) yl + (-0304 -I- 0205 - aiflg -t- 0007) j/oj/i + (0207 

^^3 = (ao^o + fli^^i) (ae^o + 07^1) - {a2Zo + 03^1) (04^:0 + as^i) 

= (flooe - 0204) Zq + (—0304 — 0205 + aiflg + 0007) zqZi + {aia-j 

The Hi are closely related to the 2-tangles of a three qubit system. Next there is a single Jacobian-like 
covariant which may be obtained from each of the three Hi 

T:- (VAi/i)(i'°^°) 

^(^,i?2)('''^'°^ 
^{^,H,)i°^'''\ 

This is a large expression when written in full: 

T = ( 2010204 — 000304 — 000205 — oooioe + 0007 ) xoy^ZQ 

+ ( 01O3O4 4- 010205 — 200O3O5 — o^og + 00O1O7) xoy^zi 

+ ( 02O3O4 — O2O5 + 01O2O6 — 200O3O6 + 00O2O7) xoyiZQ 

+ ( O3O4 — 020305 — 01O3O6 4- 201O2O7 — 000307) xoyizi 

+ (— 030I -|- 020405 -|- 010405 — 200O5O6 -l- 00O4O7) XiyoZQ 

+ (— 030405 -I- 02O5 — 010505 -I- 201O4O7 — 00O5O7) xiyozi 

+ (— 030406 — 020506 -I- oio| + 202O4O7 — 090507) xiyiZQ 

-I- (— 203O5O6 -I- O3O4O7 + 020507 + 010507 — OQof )xiyiZi, 

which is related to the Kempe invariant [71 . Finally there is the hyperdeterminant invariant whose absolute 
value is proportional to the 3-tangle 

A := i(T,V')<^'^'^^ =Deto. (A.18) 

Expressed entirely in terms of this is \{{'il^,{ip^4')''^'^'^'^)'^^'^''^\'4'Y'^'^''^'^ ■ Interpreting the x,y,z variables 
as qubits, the LU-invariants can be generated by the self-overlaps of the six polynomials ip, Hi, H2, H3, T, 
and A. According to (80J, there is an additional LU-invariant (A^^jT^). 
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- 05O6) xl, 
' asfle) yf, 

O3O5) zf. 



(A.15) 



(A.16) 



(A.17) 



Rather than generate the three-qubit invariants through iterated complete transvection, they may alter- 
natively be obtained as partial transvectants. In this case the Omega processes are partitioned into three 
sets, the first of which act on the x variables, the second on the j/'s and the third on the z's (remembering 
that each polynomial's arguments are initially unique and only reduce to x, y, z when the trace is applied). 
In the case of complete transvectants, there was no ambiguity in the variables involved in the Omega process, 
but now there is the freedom to choose which polynomials the processes are associated with. Recalling that 



V / d — m, we find that since the Omega processes for our triform (A. 13 1 are second order, the processes need 
two labels referring to the polynomials involved (and of course there must be at least two polynomials since 
p > to). Consequently, we may adopt the notation: 

det f (A.19) 

where x and y correspond to xo,a;i if the process appears in the first partition, yoj2/i if it appears in the 
second partition, etc. There is also a bracket notation we may employ: 

[a/3] :=r!„0 = -[/3a], (A.20) 

where the LHS is called a bracket factor of the second kincp] While Cayley introduced the Omega notation, 
he also employed a/3 for bracket factors. The covariants that are written in terms of bracket factors are 
referred to as bracket polynomials and we can rewrite three-qubit covariants as bracket polynomials. To 
begin with, the Hi are given by 

Fi = itr( )([12])([12])V'®V, 

i/2= itr([12])( )([12])V®V', (A.21) 
^3= itr([12])([12])( )V®^, 



where in each case there is a single empty partition (cf (A.15l). Next, T can be obtained in multiple ways 
as 

T = tr ([12])([23])([23]) V'^^ = _ tr ([23])([12])([12]) 

= tr ([23])([12])([23]) = - tr ([12])([23])([12]) (^.22) 
= tr([23])([23])([12])V'^='=.-tr([12])([12])([23])V«3^ 

where the new polynomial is linked to the remaining ones in the previously empty slot of any of the Hi. 
Finally, the hyperdeterminant is realised as 

A = itr([12][34])([14][23])([14][23])V'^^ (A.23) 

There are of course several bracket polynomials corresponding to the hyperdeterminant, and they are ob- 
tained by linking the previously untouched polynomial in each slot with the new polynomial using the 
appropriate bracket factor. 



^^The bracket factors of the first and third kinds are also determinants, but involving the variables themselves. The former 
are denoted (ax) and correspond to scaling processes, whereas the latter look like [a/3| and are ordinary determinants of 
variables. 
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B. SUPERGRAVITY COMPACTIFICATIONS 

B.l. Af =1,D= 11 

In this appendix we look at superalgebras (32] for M-theory in _D = 11, Type II A theory on 13 = 10 and 
Type IIB theory in D=10 in order to see how the central charges give rise to the black hole charges in _D = 4 
after compactification on either or T^. To get the right central charges, we need to know the symmetry 
properties of Dirac matrices for 50(1, 2n) and 5*0(1, 2n — 1) |239j which obey the Clifford algebra: 

{Ta,Tb} = 27Jab, (B.l) 
where A — 0, . . . ,2n — 1 and rj ~ diag(— 1, +1, . . . , +1). 

= (_^)(n-r)(„-.+l)/2(pAfiM....A/.(^)^^^ (3 2) 

where C is the charge conjugation matrix 

o = r„+ir„_|_2 • • • r2„_iro. (b.3) 

Here the symmetric gammas are T^^C, Y^^^C and y'^'^^^'^^C so the _D = 11 supersymmetry algebra is 

{Q.,Q,} = (r^^o)^^PM + (r^^^o)^^ Zmn + (r^^^^««o)„^ Zmnpqr. (b.4) 

That is, there is a two- form and a five-form charge. The total number of components of all charges on the 
RHS of ( [R4t is 

11-^55 + 462 = 528, (B.5) 

which is, algebraically, the maximum possible number since the LHS is a symmetric 32 x 32 matrix. 
Consider an 11 = 4 -|- 7 split with 



50(1, 10) D 50(1, 3) X 50(7), (B.6) 



under which 



Pm + P^, 

11 -> (4,1) + (1,7), 

Zmn Z^,j + Z^i + Zij, 
55 ^ (6,1) + (4,7) + (1,21), 

Zmnpqr 

462 (1,7) + (4,21) + (6,35) + (4,35) + (1,21). 

The 56 0-brane charges are 

P. - (1,7), 

Z^J ^ (1,21), 

which combine into a (1,28-^28) of 50(1,3) x SU{8). The 256 1-brane charges are 

(4,1), 
Z^^-- (4,7), 

^ pijkl Q^ijkl7n7io'^ i_i v^i"*^/? 
^fiupij — ^ pupa'^Z ij (4,21), 

which combine into a (4, 1 + 63) of 50(1,3) x SU{8). The 216 2-brane charges are 

Zp,y (6,1), 

pvijk — 2^ ^^P^^ P^'^j^ (6,35), 
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(B.Ta) 
(B.Tb) 
(B.7c) 

(B.8) 



(B.9) 



(B.IO) 



N =l,D= 11 



J\f ^2A,D^IQ 
R-R NS-NS 



7V= 2B,D = 10 
R-R NS-NS 



Zij ^ 


(1,7) 
(1,21) 
^(1,7) 
(1,21) 


Z - 
Zij ^ 

i.Z - 
Zij ^ 


(1,1) 
(1,15) 

^(1,1) 
(1,15) 


Z, - 

★z, - 
z, - 


(1,6) 
(1,6) 
^(1,6) 
(1,6) 


Z, -(1,6) 
Z,yfe - (1, 10 + 10) 
*^i-(l,6) 


P, ^ 
Z, - 

*z+. 


(1,6) 
(1,6) 
-(1,6) 
-(1,6) 




(4,1) 


Zfii '• 


-(4,6) 




(4,1) 


^P-(4,1) 


p,- 


(4,1) 




^(4,7) 


Z+ ' 
mk 


-(4,10) 


z,- 


(4,1) 


^,.-(4,1) 


z,- 


^(4,1) 


Zfiijk '~ 


- (4,35) 


Zfiijk ' 


-(4,10) 


7 ^ 


(4,15) 


Z^,, - (4, 15) 




^(4,15) 


'^Zfiij 


-(4,21) 


*Z^i 


-(4,6) 


^Z ^ij ^ 


-(4,15) 


^+ -(4,15) 




^(4,15) 




-(6,1) 
~ (6,35) 




-(6,1) 
~(6,15) 




- (6,10) 
~ (6,10) 


^,Ufc-(6,10) 
^^i/i — (6,6) 


^ fivijk 


- (6,10) 

- (6,10) 



528 256 272 256 272 



Table 37: 50{1,3) X SO{7), and 50(1,3) x S'0(6) representations appearing in compactifications of [Af = 1,D = 11), and 
(Af = 2,D = 10), respectively. 



which combine into a (6,36) of 5*0(1,3) x SU{8). These results are summarised in Table 37 
The D 



1 1 gamma matrices are related the four- and seven-dimensional gamma matrices by 

= (7a «) 1,75 «) 7i), 



where 



and a = 0, 1, 2, 3, and where 



{7a, 7/3} = 2r?a/3, 



(B.ll) 
(B.12) 

(B.13) 

and i = 1, . . . ,7. In D = 7,7^7*^ are antisymmetric and 7'-'*'' is symmetric, while in D = 4 C, 7'^C, 75C 
are antisymmetric, while ^^^C^^^^^C are symmetric. So the 13 = 4,A/' = 8 algebra is in four-component 
notation is 

{Y''C)^pZ^J'''' 
{C)^0Zi,{^^^Y' 
{l^'^ncpZ^^pi.i^^^Y^ 

(7'')a/3^M*jfei(7'^'''0"' 



{Qa",Q/} = 



(75C)„;3P.(7')"'' 

{l^lB)a^Z^i{fY^ 

(7^'^75)o/3^M-,fc(y^')" 
(75C)a;3Z„-fez„(7^j''=''")'= 



\ab 



(B.14) 



where now a = 1,2,3,4 and a = 0, 1, . . . , 7. Rewriting in terms of dualised variables: 



{QcY.Qa) 



ah 



or 



+ 



[(7^)a/3^M + {l^''C)o.pZ^,]5' 

[(75C)a/3P, + iri5)c.0Z^i + {C)a,0*Zj{-tT'' 
[(C)„^Z,, + i-f^j5)»fJ*Z^,, + hjC)a,pZ,j]{-f'lY 

[(7^"c)a^*z^,„-fc + ii^)c.pz^,jk]{i'"'r\ 



(B.15) 



ic)^p[*z,{Yr>' + z^.iY^r"] 
h^cum-zT'+z^jii'^r'] 
{r)c.^[p^.s'''' + z^ijkiY^'^r''] 
iri5)o.p[z^ii-fT''+*z^i,{Y'r''] 
{r''c)^f3[z^j''^ + *z^.,,fe(y^'r''] 



(B.16) 
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Defining 




{Pi + + {Z^J + iZij){j'ir>', 

ZaMiT^ + *ZAA'ij{l'')\ + ZAAHjk{l'"'r, 



(B.17) 




(B.18) 



{Q*A>a'Q*B'b} - SA'B'Z*[ab] + ' 



In terms of 50(3, 1) x SU{d>) representations, we have 



(|,0;8) X (|,0;8) = (l,0; 28 + 36), 

(|,0;8) X (0,|;8) = (|,|;l + 63), 
(0,|;8) X (0,|;8) = (0,l;28 + 36). 



(B.19) 



B.2. M =2A,D=1Q 

Coiisicku- iK^xt the M = 2A. D = 10 supcrsymmetry algebra. Allowing for all algebraically inequivalent 
p-form charges permitted by symmetry, wc have 



The supcrsymmetry charges axe 32 component non-chiral D = 10 spinors, so the maximum number of 
components of charges on the RHS is 528, and this maximum is realised by the above algebra since 



Note that in this case the Fn matrix distinguishes between the term involving the 10-momentum P and 
that involving the one-form charge carried by the type IIA superstring. This means that on compactification 
to D = 4 we obtain an additional six electric central charges from this source, relative to the Af = 1 case. 
These are balanced by an additional six magnetic charges due to the fact that the five-form charge is no 
longer self-dual as it is in the M = 1 case. Thus, there is now a total of 24 D = 4 central charges carried 
by particles of KK, string, or fivebrane origin. These are the charged particles in the NS-NS sector of the 
superstring theory. 

Consider 10 = 4 + 6 split with 



{t^'c)^^Pm + (riiC)„^z, 

^MNPQR- 



(B.20) 



10 + 1 + 10 + 45 + 210 + 252 = 528. 



(B.21) 



50(1,9) D 50(1,3) X 5*0(6), 



(B.22) 



under which 



Pm ^ + 

10 ^ (4,1) + (1,6), 



(B.23a) 




(B.23b) 



MNPQR 

252 




(B.23c) 
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The 24 NS-NS 0-brane charges are 



(1,6), 
(1,6), 

pcr*^i ~ (1,6), 



(B.24) 



which remain a (1, 6 + 6 + 6 + 6) of 50(3, 1) x SU{4). The 128 NS-NS 1-brane charges are 

(4,1), 

Z^upij — ^ fii^pcr'^Z ^ (4, 15), 

Zp,ijk ^ (4, 15), 

which remain a (4, 1 + 1 + 15 + 15) of 50(3, 1) x 5[/(4). The 120 NS-NS 2-brane charges are 



(B.25) 



2^A"'P'^ ijk 



(6,10), 
(6,10), 



(B.26) 



which remain a (6, 10 + 10) of 50(3, 1) x 5C/(4). 

The remaining 32 D — 4 0-brane central charges of the D = 4,Af — 8 supersymmetry algebra have 
their D = 10 origin in the zero-form, two-form and four-form charges of the I? = 10 algebra (B.20). The 
IIA p-branes with p = (0, 6), (1, 5), (2, 4) are the (electric, magnetic) sources for the one-form, two-form and 
three-form gauge fields, respectively, of type IIA supergravity. 



Z 



MNPQ 

210 



Zmn - 
45 - 

(1,1) 



The 32 R-R 0-brane charges are 



Z 
1 

Zfiu - 

(6,1)- 
y 

^ [ivpq 

(4,6) 



Z . 



z, 
(1,1), 

h Z^n + 

h (4,6) + 
f (6,15) 



- 1, 
(1,15), 



(1,15), 
+ (4,20) 



^mnpq i 

(1,15). 



(B.27a) 
(B.27b) 
(B.27c) 



*Z^(1,1), 



(B.28) 



7 — if 



2 ^mnpqrs ^ 



(1,15), 



which remain a (1, 1 -t- 15 l-f 15) of 50(3, 1) x SU{4). The 128 R-R 1-brane charges are 



(4,6), 



^ jj.upa ^ q 



(4,6), 



pnpq 



(4,10), 



(B.29) 



"fj.npq (4, 10) , 

which remain a (4, 6 + 6 10 + 10) of 50(3, 1) x SU{4). The 96 R-R 2-brane charges are 

Zp,^ ~ (6,1), 
Zpvpq ~ (6, 15), 



(B.30) 



which remain a (6, 15) of 50(3, 1) x 5J7(4). These results are summarised in Table 37 
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B.3. =2B,D = 10 

Consider next the J\f = 2B, D — 10 supersynimetry algebra. Allowing for all algebraically inequivalent 
p-form charges permitted by symmetry, we have 



(B.31) 



where the tilde indicates the tracefree symmetric tensor of 5*0(2), equivalently a f/(l) doublet. One com- 
ponent is NS-NS and the other R-R. The total number of components of all charges on the RHS of ( B.31[ ) 
is 

10 + 2 X 10 + 120 + 126 + 2 X 126 = 528. 



Under the same 10 = 4 + 6 split, we have 





Pm ^ 




+ P^, 






10 -> 


(4,1) 


+ (1,6), 






7NS _^ 




+ ZfS, 






10 


(4,1) 


+ (1,6), 




(7+ ^NS 

K^mnpqbJ 




+ 


(Z+ ..)^^ - 




126 


- (1,6) + 


(4,15) - 


h (6,10), 


(7+ ^NS 
\^MNPQR) 


(Z+ 






1 (y+ ^NS 


126 


- (1,6) + 


(4,15) - 


h (6,10). 



The 24 NS-NS 0-brane charges are 



(1,6), 
^f'- (1,6), 



V p^vpai } 



*z: 



_NS 



_NS 



(1,6), 
(1,6), 



which remain a (1, 6 6 6 -f 6) of 50(3, 1) x SU{A). The 128 NS-NS 1-brane charges are 



(4,1), 
^ (4,1), 



NS 



(4,15), 



(B.32) 

(B.33a) 
(B.33b) 
(B.33c) 
(B.33d) 



(B.34) 



(B.35) 



(^pV,)^' = W(^+'^)'''-(4,15), 
which remain a (4, 1 + 1 + 15 + 15) of 50(3, 1) x SU{4). The 120 NS-NS 2-brane charges are 

(^,%.r-(6,10), 
(^,%.f'-(6,10), 

The remaining 32 D ~ 4 0-brane central charges of the D — 4:,JV ~ 8 supersymmetry algebra have their 
D = 10 origin in the one-form, three-form and five-form charges of the 13 = 10 algebra (B.31 1. The IIB 
p-branes with p = (1,5) are the (electric) sources for the one- form, and five- form gauge fields and the p = 3 



(B.36) 
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is the dyonic source of the three- form charge, respectively, of type IIB supergravity. 

7RR _^ 7RR I 7RR 

10 ^ (4,1) + (1,6), 

Zmnp * Zf^^p + Zf^i^i + Zfj^ij + Zijk, 
120 ^ (4,1) + (6,6) + (4,15) + (1,10 + 10), 

(y+ \KK _^ (7+ \KR. I (7+ \KR. , ( y+ \RR 

y^MNPQR) ^ y^tivpai) ' l^^i/pj \^ tivijkl ' 

126 ^ (1,6) + (4,15) + (6,10). 

The 32 R-R 0-brane charges are 

Zf^^ (1,6), 
Z,,k - (1,10 + 10), 

(Zf^l^pcri)^^ — £til^pcr*Z^ " ~ (1,6). 

which remain a (1, 6 + 6 + 10 + 10) of 50(3, 1) x S'[/(4). The 128 R-R 1-brane charges are 

(Z^,,)-(4,15), 



which remain a (4, 1 + 1 + 15 + 15) of 50(3, 1) x SU{A). The 96 R-R 2-brane charges are 

(^+.,fc)««-(6,10), 

Zp,yi ^ (6,6), 



which remain a (6, 6 + 10) of 50(3, 1) x 5[/(4). These results are summarised in Table 37 
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C. MORE HIDDEN SYMMETRIES 



The SLOCC group for an n-qudit state is given by G — [SL{d, C)]", but subspaces of the (i"-dimensional 
Hilbert space may display hidden symmetries not contained in G. We have already seen that these include 
an Et{<C) symmetry of a 56 dimensional subspace of seven qutrits and Eq{<C) symmetry of a 27-dimensional 
subspace of three 7-dits. Here we explore some more possibilities. We thank Peter Levay for his input on 
early stages of these results. 



C.l. SL(2) decompositions 

Consider for example the groups Eg,{C) 
SL{2,G) 



subgroups as in Table 38 



Er{C), S'0(12,C), 5*0(8, C), Sp{6,C) and 5p(4,C) and their 
The decomposition of their adjoint and fundamental representations 



G fund dimG H dimH dim G/iJ 





248 


248 


5L(2,C)*^ 


24 


224 


Er{C) 


56 


133 


5L(2,C)^ 


21 


112 


SO{12,C) 


32 


66 


5L(2,C)6 


18 


48 


50(8, C) 


8 


28 


S'L(2,C)'' 


12 


16 


Sp{6. C) 


6 


21 


5L(2,C)3 
5i(2,C)2 


9 


12 


Sp{4, C) 


4 


10 


6 


4 



Table 38: Cosot properties for SL(2). 

are given as follows 

Es D SL{2)a X SL{2)b x SL{2)c x SL{2)d x SL{2)e x SL{2)f x SL(2)g x SL{2)h, (C.l) 
under which 

248^ (3, 1,1, 1,1, 1,1,1) + (2, 2, 2, 1,2, 1,1,1) + (1,1, 1,2, 1,2,2, 2) 
+ (1,3, 1,1, 1,1, 1,1) + (2, 1,2,2, 1,2, 1,1) + (1,2, 1,1, 2, 1,2, 2) 
+ (1,1, 3, 1,1, 1,1,1) + (2, 1,1, 2, 2, 1,2,1) + (1,2, 2, 1,1, 2, 1,2) 
+ (1,1, 1,3, 1,1, 1,1) + (2, 1,1, 1,2, 2, 1,2) + (1,2, 2, 2, 1,1, 2,1) 
+ (1,1, 1,1, 3, 1,1,1) + (2, 2, 1,1, 1,2, 2,1) + (1,1, 2, 2, 2, 1,1, 2) 
+ (1,1, 1,1, 1,3, 1,1) + (2, 1,2, 1,1, 1,2, 2) + (1,2, 1,2, 2, 2, 1,1) 
+ (1,1, 1,1, 1,1, 3,1) + (2, 2, 1,2, 1,1, 1,2) + (1,1, 2, 1,2,2, 2,1) 
+ (1,1,1,1,1,1,1,3), 

and 

E-! D SL{2)a X SL{2)b X SL{2)c x SL{2)d x SL{2)e x SL{2)f x SL{2)g, (C.3) 



(C.2) 
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under which 



56^ (2,2,1,2,1,1,1) 
+ (1,2,2,1,2,1,1) 
+ (1,1,2,2,1,2,1) 

+ (1,1,1,2,2,1,2) (C.4) 
+ (2,1,1,1,2,2,1) 
+ (1,2,1,1,1,2,2) 

+ (2,1,2,1,1,1,2), 
133^ (3, 1,1, 1,1, 1,1) + (1,1, 2, 1,2, 2, 2) 
+ (1,3,1, l,l,l,l) + (2, 1,1, 2, 1,2,2) 
+ (1,1,3,1, 1,1, 1) + (2,2,1, 1,2,1, 2) 

+ (1, 1, 1, 3, 1, 1, 1) + (2, 2, 2, 1, 1, 2, 1) (C.5) 
+ (1, 1,1,1,3, 1,1) + (1,2,2,2, 1,1,2) 

+ (1,1,1,1,1,3,1) + (2,1,2,2,2,1,1) 
+ (1, 1,1, 1,1,1,3) + (1, 2,1, 2,2,2,1), 



and 



(C.7) 



50(12) D SL{2)a X SL{2)b x SL{2)c x SL{2)d x SL{2)e x 5*^(2)^, (C.6) 

under which 

32^ (2,2,1,2,1,1) 

+ (1,2,2,1,2,1) 

+ (1,1,2,2,1,2) 

+ (2,1,1,1,2,2), 
66^ (3, 1,1, 1,1,1) + (2, 2, 2, 1,1, 2) 
+ (1,3,1,1, 1,1) + (2,1,2,2,2,1) 
+ (1,1, 3,1, 1,1) + (1, 2,1,2,2,2) 
+ (1,1,1,3,1,1) 
+ (1,1,1,1,3,1) 
+ (1,1,1,1,1,3), 



(C.8) 



and 

under which 
and 

under which 
and 



SO{8) D SL{2)a X SL{2)c x SL{2)d x SL{2)e, (C.9) 

8^ (2,1,2,1) + (1,2,1,2), 

28 -> (3, 1,1,1) + (1,3, 1,1) + (1,1, 3,1) + (1,1, 1,3) (C.IO) 
+ (2,2,2,2), 

Sp{&) D SL{2)b X SL{2)c X SL{2)d, (C.ll) 

6^ (1,1,2) + (2,1,1) + (1,2,1), 
21^ (3, 1,1) + (1,3,1) + (1,1, 3) (C.12) 
+ (2, 2,1) + (1,2, 2) + (2, 1,2), 

5p(4) D SL{2)b X SL{2)c, (C.13) 
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under which 

4 (2,1) + (1,2), 
10^ (3,1) + (1,3) + (2, 2). 

C.2. Qutrit interpretation 
C.2.1. Sp{A) symmetry from two qutrits 
Under 

SL{-i)A X SL{-i)B D SL{2)a X SL{2)b, (C.15) 

we have 

(3, 3) ^ (2, 2) + (2, 1) + (1, 2) + (1, 1). (C.16) 
In particular we find the 4-dimensional subspace 

(2,1) + (1,2), (C.17) 

or 

\^)i^aA\A*)+hB\*B), (C.18) 
and the 4-dimensional subspace describing the bipartite entanglement of two qubits 

(2,2), (C.19) 

or 

\^')i^aAB\AB). (C.20) 

From section C.l[ we may assign the |^)4 to the fundamental of 5p(4, C) and the |^')4 to the coset 
Sp{A,€)/[SL{2,€)]\ 

C.2.2. 5*^(6) symmetry from three qutrits 
Under 

5'L(3)a X SL{i)B X SL{-i)c D SL{2)a x SL{2)b x SL{2)c, (C.21) 

we have 

(3,3,3)^ (2,2,2) 

+ (2,2,1) + (2,1,2) + (1,2,2) 
+ (1,1,2) + (1,2,1) + (2,1,1) 
+ (1,1,1). 



(C.22) 



In particular we find the 6-dimensional subspace 

(2, 1,1) + (1,2,1) + (1,1, 2), (C.23) 

or 

1^)6 ^aA\A**)+ bB\*B*) + cch • C), (C.24) 
and the 12-dimensional subspace describing the bipartite entanglement of three qubits 

(2, 2,1) + (1,2, 2) + (2, 1,2), (C.25) 

or 

I«')i2 = aAB\AB*) + hBc\»BC) + cca\A • C). (C.26) 

From [section C.l we may assign |^')6 the to the fundamental of 5*^(6, C) and the |^)i2 to the coset 
5p(6,C)/[5L(2,C)]2. 
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(C.27) 



C.2.3. SO(8) symmetry from four qutrits 
Under 

SL{3)a X SL{3)b X SL{S)c x SL{S)d 
D SL{2)a X SL{2)b X SL{2)c x S'L(2)£,, 
we have 

(3,3,3,3)^ (2,2,2,2) 

+ (2, 2, 2,1) + (2,2, 1,2) + (2, 1,2, 2) + (1,2,2, 2) 

+ (2, 2, 1, 1) + (2, 1, 2, 1) + (1, 2, 1, 2) + (1, 1, 2, 2) (C.28) 
+ (2, 1,1,1) + (1,2, 1,1) + (1,1, 2,1) + (1,1, 1,2) 
+ (1,1,1,1). 

In particular we find 8-dimcnsional subspace describing the bipartite entanglement of four qubits 

(2,1,2,1) + (1,2,1,2), (C.29) 

or 

\^)s^aAc\A»C») + bBD\»B»D), (C.30) 
and the 16-dimensional subspace describing the four-way entanglement of four qubits. 

(2,2,2,2), (C.31) 

or 

\^)i6 ^ a ABC d\ ABC D). (C.32) 



From section C.l[ we may assign the |^')8 to the fundamental of 5*0(8, C) and the |^')i6 to the coset 



SO{8,C)/[SL{2,G)]^ 

C'.2.4- SO{l2) symmetry from six qutrits 
Under 



SL{3)a X SL{3)b X SL{3)c x SL{3)d x SL{3)e x SL{3)f 
D SL{2)a X SL(2)b X SL{2)c x SL(2)d x SL(2)e x SL(2)f, 



(C.33) 



we have 



(3, 3, 3, 3, 3, 3) ^ 1 term like (2, 2, 2, 2, 2, 2) 
+ 6 terms like (2,2,2,2,2,1) 
+ 15 terms like (2, 2, 2, 2, 1, 1) 

+ 20 terms like (2,2,2,1,1,1) (C.34) 
+ 15 terms like (2, 2, 1, 1, 1, 1) 
+ 6 terms like (2,1,1,1,1,1) 
+ 1 term like (1,1,1,1,1,1). 

In particular, we find the 32-dimensional subspace describing the tripartite entanglement of six qubits 

(2,2,1,2,1,1) 
+ (1,2,2,1,2,1) 
+ (1,1,2,2,1,2) 
+ (2,1,1,1,2,2), 

or 

|*)32= aABD\AB»D» •) 
+ bBCEl'BCmEm) 

+ ccdf\»»CD,F) 
+ eEFA\A» ••EF). 
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(C.35) 



(C.36) 



and the complementary 48-dimensional subspace describing the 4-way entanglement of six qubits 



or 



(2,2,2,1,1,2) 
+ (2,1,2,2,2,1) 
+ (1,2,1,2,2,2), 

I*) 48= dpABclABC • • F) 
+ fACDE\A*CDE,) 
+ gBDEFl'BmDEF). 



(C.37) 



(C.38) 



From section C.l we may assign |^')32 to the fundamental of SO{12, C) and the complementary |^')48 states 
to the coset 50(12, C)/[S'L(2, C)]^. 

C.2.5. El symmetry from seven qutrits 
Under 



we have 



SL{3)a X SL{3)b X SL{3)c x SL{3)d x SL{3)e x SL{3)f x SL{3)g 
D SL{2)a X SL{2)b X SL{2)c x SL{2)d x SL{2)e x SL{2)f x SL{2)g, 



(3,3,3,3,3,3,3) 



(C.39) 



(C.40) 



1 term like (2,2,2,2,2,2,2 
+ 7 terms like (2,2,2,2,2,2,1 
+ 21 terms like (2, 2, 2, 2, 2, 1, 1 
+ 35 terms like (2, 2, 2, 2, 1, 1, 1 
+ 35 terms like (2, 2, 2, 1, 1, 1, 1 
+ 21 terms like (2, 2, 1, 1, 1, 1, 1 
+ 7 terms like (2,1,1,1,1,1,1 
+ 1 term like (1, 1, 1, 1, 1, 1, 1 

In particular, we find the 56-dimensional subspace describing the tripartite entanglement of seven qubits 

(2,2,1,2,1,1,1) 
+ (1,2,2,1,2,1,1) 
+ (1,1,2,2,1,2,1) 
+ (1,1,1,2,2,1,2) 
+ (2,1,1,1,2,2,1) 
+ (1,2,1,1,1,2,2) 
+ (2,1,2,1,1,1,2), 



(C.41) 



or 



|^')56= aABD\AB»D» • •) 

+ bBCE\»BC»E» •) 
+ ccdf\» •CD»F») 
+ dDEcl** •DE*G) 
+ eEFA\A» • •EF») 
+ JfgbI'B* . •FG) 
+ gGAc\A»C» • •G), 



(C.42) 
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and the complementary 112-dimensional subspace describing the 4-way entanglement of seven qubits, ob- 
tained by exchanging 2's and I's: 

(1,1,2,1,2,2,2) 
+ (2,1,1,2,1,2,2) 
+ (2,2,1,1,2,1,2) 

+ (2,2,2,1,1,2,1) (C.43) 
+ (1,2,2,2,1,1,2) 
+ (2,1,2,2,2,1,1) 
+ (1,2,1,2,2,2,1), 



or 



I^')ii2 = acEFG\» •EFG) 

+ bDFGA\A*»D*FG) 

+ cegab\AB» •EmG) 
+ dpABclABC* .F.) 
+ eGBCol'BCD, .G) 
+ JacdeIA^CDE,,) 

+ gBDEFl'BmDEF,). 



(C.44) 



From section C.l[ we may assign |^')56 to the fundamental of Et{€,) and the complementary |^')ii2 states 
to the coset Ej{C)/[SL{2,G)]\ 



C.2.6. Es symmetry from eight qutrits 
Under 

SL{3)a X SL{3)b X SL{3)c x SL{3)d x SL{3)e x SL{3)f x SL{3)g x SL{3)h 
D SL(2)a X SL{2)b X SL{2)c x SL{2)d x SL{2)e x SL{2)f x SL{2)gx, SL(2)h 



(C.45) 



we have 



(3,3,3,3,3,3,3,3) 



1 term like 
8 terms like 
28 terms like 
56 terms like 
70 terms like 
56 terms like 
28 terms like 
8 terms like 
1 term like 



(2,2,2,2,2,2,2,2 
(2,2,2,2,2,2,2,1 
f2 2222211 
(2 2222111 
(2,2,2,2,1,1,1,1 
(2,2,2,1,1,1,1,1 
(2,2,1,1,1,1,1,1 
(2,1,1,1,1,1,1,1 
(1,1,1,1,1,1,1,1 



(C.46) 



In particular, we find the 224-dimensional subspace describing the 4-way entanglement of eight qubits 

(2,2,2,1, 2,1, 1,1)-H(1, 1,1, 2,1, 2,2,2 
+ (2,1,2,2,1,2,1,1)-H(1,2,1,1,2,1,2,2 
+ (2,1,1,2,2,1,2,1) + (1,2,2,1,1,2,1,2 
+ (2, 1,1, 1,2, 2, 1,2) + (1,2, 2, 2, 1,1, 2,1) (C.47) 
+ (2,2,1,1,1,2,2,1) + (1,1,2,2,2,1,1,2 
+ (2,1,2,1,1,1,2,2) + (1,2,1,2,2,2,1,1 
+ (2, 2, 1,2, 1,1, 1,2) + (1,1,2, 1,2,2,2,1 
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or 



|^')224 = aHABD\HAB»D» • •) 

+ bHBCE\H*BC*E* .) 

+ CHCDF\H»»CDmFm) 

+ d.HDEG\H» • •DE»G) 
+ eHEFA\HA» ••EF») 

+ fHFGB\H»B, . .FG) 

+ gHGAc\HA»C» • .G) 



o-cefg\** • C» EFG) 
6dfga|»A. •D*FG) 
cegab\'AB» mEmG) 
dFABG\*ABC* •F*) 
eGBCD\**BCD» • •) 

fACDE\»A»CDE..) 

Qbdef]* •Bu dee • ) . 



(C. 



The 112 are associated with quadra ngles of the Fano plane and the other 112 with the quadrangles of the 
dual Fano plane. From section C.l we may assign |^')224 to the coset Es{G) /[SL{2,<C)]^ . 

We have confined these qubit G/H coset constructions, with H — [5*^(2, C)]" to the Appendix because 
we have as yet no good application of them within quantum information theory. 

C.3. SL(3) decompositions 

Consider the groups Es and Eq and their SL{3, C)" subgroups as in Table 39 



G 


fund 


dim G 


H 


dim H 


dimG/7J 




248 


248 




32 


216 




27 


78 


5^(3, C)3 


24 


54 



Table 39: Coset properties for SL{3). 

The decomposition of their adjoint and fundamental representations are given as follows. 

Es D SL{3)a X SL{'S)b X SL{3)c x SL{'S)d, 



under which 
and 

under which 



248 



(8,1,1,1) 
(1,3,3,3') 
(3, 1,3', 3') 



(1,8,1,1) 
(1 ,3', 3', 3) 
(3',3,3',1) 



(1 ,1 ,8,1) 
(3, 3', 3,1) 
(3', 3', 1,3') 



(1 ,1,1,8) 
(3,3,1,3) 
(3', 1,3, 3), 



Ee D SL{3)a X SL{3)b x SL{3)c, 



27 
78 



(3',3,1 ) 
(8,1,1) 
(3,3,3') 



(3,1,3) 
(1,8,1) 
(3', 3', 3). 



(1,3', 3') 
(1,1 ,8) 



(C.49) 
(C.50) 
(C.51) 
(C.52) 



C.4- 7-dit interpretation 
C.^.l. Eq symmetry from three 7-dits 
Under 



SL{7)a X SL{7)b X SL{7)c -> SL{3)a x SL{3)b x SL{3)c, 



(C.53) 
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we have 



(7, 7, 7) ^ 


(3', 3', 3') H 


h (3,3,3) 4 


- (1,1 ,1) 




+ (3', 3', 3) H 


h (3', 3, 3') 4 


- (3, 3', 3') 




+ (3',3,3) H 


h (3,3',3) 4 


- (3,3 ,3') 




+ (3',3M ) H 


h (3', 1,3') 4 


- (1,3',3') 




+ (3,3,1) H 


h (3,1,3) 4 


- (1,3,3) 




+ (3',1 ,1 ) H 


K (1 ,3',1 ) 4 


' (1,1 ,3') 




+ (3,1,1) H 


K (1,3,1) 4 


- (1,1 ,3) 




+ (3',1 ,3) H 


h (3', 3,1) 4 


- (1,3 ,3') 




+ (3,1,3') H 


h (3,3',1) 4 


- (1,3', 3) 



(C.54) 



In particular we find the 27-dimensional subspace describing the bipartite entanglement of three qutrits, 
namely 



(3', 3,1) + (3, 1,3) + (1,3', 3'), 



or 



I*) 27 - aA'B\A'B) + bBc\BC) + cc'A'lC'A'), 
and the 54-dimensional subspace describing the tripartite entanglement of three qutrits 

(3,3,3') 4- (3', 3', 3), 



or 



|«')54 = aABC'\ABC')+bA'B'c\A'B'C). 



(C.55) 
(C.56) 

(C.57) 
(C.58) 



From section C.3[ we may assign the |^')27 to the fundamental of Eq{G) and the |^')54 to the coset 
Ee{G)/[SL{3XW 



C.4-.2. Eg symmetry from four 7-dits 
Under 



we have 



SL(7)a X SL{7)b X SL{7)c x SL{7)d ^ SL{3)a x SL{3)b x SL{3)c x SL{S)d, 

(7,7,7,7)^ 



(C.59) 
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3 
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(3 
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(C.60) 



In particular we find the 216-dimensional subspace describing the tripartite entanglement of four qutrits, 
namely 



(1,3,3,3') + (1,3', 3', 3) + (3, 3', 3,1) + (3,3,1,3) 
+ (3, 1,3', 3') + (3',3,3',1) + (3', 3', 1,3') + (3', 1,3, 3), 

or 

1^)216= ClmBCD' \ ' B C D') + b^B'c'D' 

I . B'C'D') + CAB'c, \AB'C>)+ dAB*D \AB.D) 
+ eA,c'D'\A»C'D') + fA'BC. \A'BC'»)+ gA'B',D'\A' B' • D') + hA',cD\A' •CD). ^^'^^^ 



From section C.3 we may assign |^')2i6 to the coset E^{G) /[SL{'i,G)Y . 

Again we have confined these qutrit G/H coset constructions, with H — [5L(3, C)]" to the Appendix 
because we have as yet no good application of them within quantum information theory. 

D. DISCRETE SYMMETRY OF THE FANO PLANE 

It ought to be clear by now that the Fano plane plays a central role in the seven qubit interpretation of 
A/" = 8 black holes. It is therefore natural ask how the symmetries of the Fano plane are manifested in the 
56 dimensional seven qubit state. 

T).l. Projective geometry, the Fano plane and PSL(2,W'/) 

Let Vb = V{n+ l;F)/{0} be a n + 1-dimensional vector space, defined over a field F, with the additive 
identity removed. Note, F may be a finite field with characteristic q, in which case we denote it by Fq. 
The n-dimensional projective space over F, which we write as PG'(n,F), is the space of equivalence classes 
defined by the relation, x ^ y iS x — ay, where a G F/{0} and x,y E Vq. The set of projectivitiesj^ 
of PG{n,Wq) is the projective general linear group PGL{n + l,Wq), i.e. the group of non-singular linear 
transformations on Vq up to an overall multiplicative factor (see for example, ^240. ) . 

The Fano plane is the projective plane over the finite field of order two, PG'(2,F2). It is the smallest 
example of a projective plane. In this case the projective general linear group, PGL(3,F2), is isomorphic 
to the projective special linear group PSL{3, F2|^ the set of determinant one projectivities. In fact, in 
this particular instance, we have a second useful isomorphism, PS'L(3,F2) ~ PS'L(2,F7). PS'L(2,F7) is 
second smallest finite non-abelian simple group, after the alternating group A5, with 168 elements. It has 
many guises, but, perhaps most significantly, it is the automorphism group of the Klein quartic. Further, 
it is the only finite simple subgroup of SU (3) and consequently, in light of the recently measured neutrino 
mixing patterns, it has been receiving increasing attention as a candidate finite non-abelian flavour group 
[241, 242j. 

D.2. The 5 6- dimensional representation 

PSL{2,Fy) admits a two generator presentation |243l I242j . 

{s,t\s^^t^ = {stf = [s,t]'^ = e ), (D.l) 

where the commutator, [s,t], is defined as s~^t~^st. 

It has six conjugacy classes and, therefore six irreps, as summarised in [Table 40| It has a convenient 
action defined on the Fano plane given by the permutation of its points. For example, we may consider the 
permutations, 

sfano = iAC)iB)iDE){F)iG), ifano = (AD B){C)iE FG) , (D.2) 
which are automorphisms of the un-oriented Fano plane. This yields a 7 dimensional real representation for 



which it is easily verified that (D.l I is satisfied. This representation is reducible, 

7f^"°^l + 6, (D.3) 



^'^A projectivity is a linear bijection PG(n,F) — > PG(n,F) that preserves incidence. 
i^More generally, PGL{n, Fq) ~ PSL{n, Fq) iff gcd{n + 1, g) = 1. 
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Table 40: Character table for PS'L(2, F7). The number in square brackets on each conjugacy class Ca corresponds to the 
order of the elements in that class. A simple representative for each class is given in the parentheses. Note that geometrical 
interpretation of the 6 is given by its action on the Fano plane [241] . The final row corresponds to the compound characters 
of the reducible 56 dimensional representation described here. 
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as can be checked from its characters. The Fano planes initial overall labelling is associated with the singlet 



These permutations also interchange the lines of the Fano plane and, consequently, may be considered 
as permutations of the points of the dual Fano plane, 



^dualfano — 

{ab) (ce) {d){f){g), iduaifano = (a) {beg) {efd) . 



(D.4) 



This Fano plane representation may be used to build a 56-dimensional representation of the PSL(2, F7) 
generators, denoted 555 and ^55, acting on our particular seven-qubit state. 



I*) = aABD\ABD) + bBCE\BCE) + ccdf\CDF) + dDEG\DEG) 
+ eEFA\EFA) + fFGB\FGB)+gGAc\GAC), 

which leaves quartic entanglement measure, 1^, invariant. 

Begin by considering the action on both the Fano and dual Fano planes together. 



(D.5) 



a-ABD 
bBCE 
CCDF 
doEG 
SEFA 

Jfgb 

QGAC 



bcBE, dABD >— > CLBDA, 

0-BAD, bsCE I— > cdcf, 
t 

SAEF, CcdF i-> gCAGi 

dEDGi djjEG ^ Safe, 
t , 

CDFC, GeFA >— > JFGB, 

Ifgb, Ifgb > doED, 

9GCA, dGAC bEBC, 



(D.6) 



where Sfano and Sduaifano (^fano ^ud tduaifano) respectively permute the upper and lower case letters (points 
and lines) in a consistent manner. Note, however, that the points on each line are permuted away from their 
original ordering, for example, in (D.6 1 we find qabd '-^ bcBE as opposed to bsGE- There is, in addition. 



a corresponding action on the quadrangles of the dual Fano plane. Label each quadrangle by its excluded 



qubit as in Table 41 Using this labelling and the composition rule. 



{bcdf) ■ (cdeg) = (efgb), 



(D.7) 



where the common letters are "contracted" over, reproduces the Fano plane. Consequently, the quadrangles 
transform into each under Sfano and tfano or, equivalently, under Sduaifano and iduaifano- However, the ordering 
of the four points within each quadrangle is not left invariant. For example, Sduaifano '■ cdeb l—^ edcg, which is 
an odd permutation of the original ordering cdeg. This is the case whenever the quadrangle contains g due 
to the fact that the permutation Sduaifano is defined by the quadrangle, abce, excluding George. Similarly, for 
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A 


B 


C 


D 


E 


F 


G 


bcdf 


cdeg 


defa 


efgb 


fgac 


gabd 


abce 



Table 41: The seven quadra ngles , identified with points as described here, form an equivalent representation of the Fano plane 
using the composition rule (|D.7[|. 



tduaifano the points of cach quadrangle containing c receive an odd permutation since iduaifano is associated 
with the quadrangle, defa, excluding Charlie. 

In defining a 56-dimensional action leaving invariant one must account not only for the (dual) Fano 
plane permutations but also the ordering of the points on each line and quadrangle. This is achieved by a 



composite transformation, first performing the (dual) Fano plane permutations as in (D.6I, then reordering 
the points on each line to their standard form. Finally, to account for the quadrangles, we must bit flip each 
qubit not appearing on the line given by the quadrangle associated with the dual Fano plane permutation. 
For example, the permutation Sduaifano is defined by the quadrangle, abce, excluding George and, hence, we 
bit flip the qubits B,D,E, and F, that is those qubits not lying on the line gcAC- Similarly, for iduaifano 
the relevant quadrangle is given by excluding Charlie and so we bit flip the qubits A, B, E, and G, i.e. those 
not included in the line ccdf- 

As an explicit example let us consider the action of ssg on ai^Oijiu- Note, we have labelled the indices 
to keep track of orderings. The composite transformation is given by, 

relabel , permute , bit ftipSB , , - 

S56 : Oi^ObId ' ^ Oi^ObIe ' > OQbIcIe ' ' OIbIcObi l-U-Oj 

where the relabelling is done according to the Sfano and Sduaifano permutations. We bit flip B and E (but 
not C) as they do not appear in the line GAG. Therefore the complete transformation, for this example, is 



oioi 1^ 6iio- All in all this yields a 56 dimensional real representation of PSL{2,Wj), see Figure 15 



D.3. Decomposition of the 56-dimensional representation 

PSL{2,Wy) has six classes and therefore six irreps, as summarised in Table 40 241,. Note, the final row 
corresponds to the compound characters of the 56 described here. This 56 dimensional representation is 
clearly reducible and, to determine how it decomposes, we may use. 



where a^ counts the number of times irrep /i appears in the 56. Note, g and ga are the dimension of the 
group and conjugacy class, Ga, respectively. Using [Table 40| one finds, 

= {2,0,0,4,2,2}, (D.IO) 

and, hence, we have 

56 = 1 + 1 + 6 + 6 + 6 + 6 + 7 + 7 + 8 + 8. (D-H) 

This is consistent with the breaking of the fundamental 56 of E^ under PSL{2,Wj), which goes as, 

56^1 + 1 + 6 + 6 + 6 + 6 + 7 + 7 + 8 + 8. (D-12) 

In [12] the PSL{2, F7) symmetry of the JV — 8 black hole entropy has been related, via a special set 
of 63 three-qubit operators, to the generalised hexagon of order two using the dictionary constructed in 



section 10.2.1 They further suggested that the full 6*2(2) symmetry of the hexagon may be preserved by 



the black hole entropy. 
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Figure 15: Graphical representation of the generators of the 56 dimensional representation of PSL(2, F7). These are the 56 X 56 
matrices S56 (left) and tsg (right). The gridlines partition the matrices into 8x8 blocks that transform a single letter, while 
the filled squares correspond to the non-zero unit entries. Clearly each letter octet is transformed into another, without mixing 
between octets. One can read off, for example, that sse converts a's to b's and vice versa, while isg transforms the a's amongst 
themselves. 
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